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Abstract

Since the 1950-ies, the work of Professor Victor S. Ryaben'kii has been of central
importance for the formation and development of numerical methods as a
mathematical discipline. International conference “Difference Schemes and
Applications” in honor of his ninetieth birthday took place in May of 2013 at the
Keldysh Institute of Applied Mathematics, Russian Academy of Sciences (RAS), in
Moscow, Russia. The conference brought together a number of leading experts in
computational mathematics and related areas. It provided a forum for discussing
the recent progress in numerical solution of partial differential equations (PDEs),
and for reviewing the promising new trends in this and other fields. During three
working days, about sixty oral and poster presentations were given, discussing the
following subjects:

e Numerical analysis of PDEs and scientific computation;

e Differential and difference equations;

e Difference potentials, artificial boundary conditions;

e Inverse problems, mathematical theory of active control of sound;
e Mathematical modeling in science and engineering;

e Computational fluid dynamics and mechanics of turbulence.

The conference had two working languages — English and Russian. A book of
extended abstracts was published before the conference and made available to the
participants. A special issue of Applied Numerical Mathematics is currently
underway.
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Summary of the conference

One of the central topics of the meeting was numerical solution of partial differential
equations (PDEs). Several subjects were discussed, including discretizations,
boundary conditions, and solvers. A special emphasis was made on various aspects
related to high order accuracy. In particular, J. Hesthaven (Brown U./EPFL) spoke
about the combined Fourier-WENO schemes for problems with discontinuous
solutions (shock waves) and E. Toro (U. Trento, Italy) gave a review of the ADER
schemes. N. Mikhailov (Russian Federal Nuclear Center) discussed the convergence
of high order WENO schemes behind the shocks, which is known to be a delicate
subject. B. Rogov (Keldysh Institute) introduced monotone high order accurate
compact schemes for multi-dimensional hyperbolic equations (monotonicity and
high order accuracy are known to be difficult to reconcile), and E. Aristova (Keldysh
Institute) presented bi-compact schemes for the advection equation. L. Dovgilovich
(Schlumberger, Moscow) introduced a high order accurate summation by parts
method for mixed derivatives not subject to instabilities due to odd-even
decoupling. A. Kurganov (Tulane U.) presented central non-oscillatory Godunov-
type schemes for general hyperbolic systems of conservation laws. S. Tsynkov
(NCSU) spoke about a high order accurate version of the method of difference
potentials (originally introduced by V. Ryaben’kii) for solving the time harmonic
wave propagation problems.

The very first presentation at the meeting was given by V. Ryaben’kii himself
(Keldysh Institute); he spoke about solving linear inverse problems (e.g., active
control of sound) in composite domains using the method of difference potentials.
Yet another presentation related to the method of difference potentials was given by
Y. Epshteyn (U. Utah) who employed it to build a family of domain decomposition
algorithms for parabolic problems.

T. Hagstrom (Southern Methodist U.) discussed high order accurate finite difference
methods for unsteady waves and also spoke about the design of appropriate high
order accurate boundary conditions. A few other talks were devoted specifically to
the boundary conditions, in particular, the treatment of artificial outer boundaries,
which has been among the most difficult issues in numerical PDEs for many years. I.
Sofronov (Schlumberger, Moscow) spoke about the localization of exact transparent
boundary conditions for second order hyperbolic systems, and N. Zaitsev (Keldysh
Institute) presented a similar approach for the equations of elastodynamics in a 3D
isotropic medium. L. Dorodnicyn (Moscow State U.) discussed the construction and
studied stability of non-reflecting artificial boundary conditions (ABCs) for high
order schemes on wide stencils, when the discrete approximation requires more
boundary conditions than the underlying differential problem. N. Zavyalova
(Moscow Institute for Physics and Technology) presented a family of nonlocal highly
accurate ABCs for the Helmholtz equation. A. Zlotnik (Higher School of Economics,
Moscow) presented ABCs for the Schrédinger equation.
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There were several talks on recent advances in multigrid methods that remain a key
tool for solving the systems of algebraic equations that result from the
discretizations of PDEs. V. Zhukov (Keldysh Institute) presented a version of the
multigrid method optimized for anisotropic problems, and A. Zadorin (Institute of
Mathematics, Siberian Branch of RAS) discussed the application of multigrid to
problems with boundary layers. S. Martynenko (Central Institute of Aviation Motor
Development, Moscow) presented a universal multigrid strategy for a broad
spectrum of problems ranging from the Poisson to Navier-Stokes equations.

Another key topic of the conference was mathematical modeling in various areas of
science and engineering. This topic, in fact, is closely related to the previous one
(computing the solutions of PDEs), because the analysis of the corresponding
mathematical models was conducted by both analytical and numerical methods.

G. Barenblatt (RAS/UC Berkeley) presented a very interesting new development in
the theory of turbulent shear flows, basically saying that the well-known von
Karman-Prandtl logarithmic velocity profile (independent of the global Reynolds
number) describes the flow with insufficient accuracy and needs to be replaced by a
power law that depends on the local Reynolds number. S. Utyuzhnikov (U.
Manchester) used the method of difference potentials for computing the near-wall
turbulence on composite domains with no overlaps. D. Kamenetskiy (Boeing,
Seattle) presented numerical evidence of multiple solutions (i.e., that of non-
uniqueness) for the Reynolds-averaged Navier-Stokes equations describing high-lift
aerodynamic configurations.

M. Salas (NASA Langley) studied the dispersion of traveling waves governed by the
Korteweg-de Vries equation. S. Abarbanel (Tel Aviv U.) introduced a framework for
the analysis of acoustic waves propagating across a non-uniform medium. A.
Chertock (NCSU) presented the results of a numerical study of compressible fluid
flows in domains with moving boundaries. T. Elizarova (Keldysh Institute)
introduced a special regularized form (time-averaged over a short interval) of the
shallow water equations that is well suited for complex geometries and moving
boundaries. Another (similar) regularization of the shallow water equations was
shown by Yu. Sheretov (Tver State University, Russia). T. Kudryashova (Keldysh
Institute) presented a mathematical model for the supersonic flow of a gas mixture
that applies to the case where the fundamental hypotheses of continuity of the
medium may partially break down.

A variety of additional subjects has been discussed as well, including linear solvers
and parallel computations, finite difference stability, grid generation, finite element
methods, numerical solution of stochastic differential equations, numerical solution
of differential equations with singularities, mathematical models and numerical
simulations for fluids, gas-solid interactions, plasmas, radiation diffusion and
transfer, porous media and filtration, electromagnetic propagation in complex
media, kKinetic equations with collisions, and others.
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A book of extended abstracts (up to two pages each) was published right before the
conference (ISBN: 978-5-98354-010-1). It contains abstracts of almost all of the oral
and poster presentations, about sixty altogether. A PDF version of this book of
abstracts is uploaded with the current report.

In addition, a special issue of Applied Numerical Mathematics (an Elsevier Journal)
is planned that will contain full length papers based on some of the presentations
from the conference. The PI of the project, Prof. S. Tsynkov, serves as Managing
Guest Editor for the special issue. He is assisted by Dr. Y. Epshteyn and Dr. L
Sofronov in the capacity of Guest Editors. At the time the current report is written
(June of 2014), the submission of papers to the special issue has already been
closed. Out of the 25 submitted manuscripts, about three quarters have already
been properly refereed and accepted for publication. We expect that the special
issue will be finalized before the Fall of 2014, and may actually appear in print
either in the end of 2014 or in the beginning of 2015.
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BHKTOP COJIOMOHOBHY PABEHbKHH

20 mapra ucnonHWIOCh 90 JeT BRIIAIOMIEMYCSI YYEHOMY, IJIABHOMY HAy4YHOMY
corpynHuky WHcTuryra npuknagHod wmarematukun uMm. M.B. Kempeima PAH,
JIOKTOpY (U3HKO-MaTeMaTHUYECKUX HayK, Mpodeccopy, 3aciIy’>KEHHOMY JESTEINIO
Hayku Poccutickoii ®enepannu Bukropy ConmomonoBuuy Psidenskomy. Ero HayuHbie
ycrnexu MpuoOpe MUPOBYIO M3BECTHOCTb, HO TOBOPS O HUX, MBI TakXe OOs3aHbI
BCErJa MOMHUTh O HEMPOCTOM cyanOe coBeTCKUX Myx4uH 1923 roma poxaeHus,
UCIIBITABIINX Ha ce0e BEJMKUE M OJJHOBPEMEHHO TParnuecKue COOBITHSI MUHYBIIETO
BEKa, B YCIOBHUAX KOTOPBIX pOXKJajach HayyHas Ouorpadus Haiiero roouispa. Emy
HE JI0BEJIOCh PeaIn30BaTh CBOU CIIOCOOHOCTH K MaTEMAaTHKE Cpa3y MOCJI€ OKOHYAHUS
cpennei mikoibel. Benukas OTedecTBeHHas BOWHA HM3MEHWJIA TUTAHBI OOJIBIIMHCTBA
ero cBepcTHUKOB. OH yIien Ha Hee JOOPOBOJBLUEM M 3aKOHYWI BOMHY ¢ OOEBBIMU
HarpajgaMd BojuTeneM TaHka, npuHecwero Ilobexy B Ilpary 9 mas 1945 rona.
TonpKo Mociie 3T0ro MOKHO ObLIO BEPHYTHCS B MOCKBY M MPOJIOJKUTH IPEPBAHHOE
obpazoBanue. B 1949 rony Buktop ColoOMOHOBHY 3aKOHUMI MeXMaT MOCKOBCKOTO
VYHuBepcuTera U ObLI OCTaBJIEH B ACMHUPAHTYPE, TJI€ MO PyKOBOJCTBOM aKaJeMHUKa
N.I'.ITerpoBckoro  3aHUMAJICS  pa3pabOTKOM TEOPUU PA3HOCTHBIX  AHAJIOTOB
muddepeHnranbHbIX YpaBHEHUH B YaCTHBIX TPOU3BOAHBIX. Ero mepsblie maru 37ech,
HECMOTpPA Ha TO, YTO OHHM HE COINPHUKACAIUCh C NPAKTUUYECKUMH pacueTamu,
OKa3aJIMCh BECbMa YCIEHIIHBIMM M COCTaBUJIM COJACPKAHUE COBMECTHOW C
A.O.OununmoeiM MoHOTpaduu «OO0  yCTONYMBOCTH PA3HOCTHBIX ypaBHEHUI»,
omyOirKoBaHHON B 1956 romy BCKOpe IMocie 3aluThl KaHIUJATCKON TucCepTaIiu.
Ot0 ObLIa mepBasi B MUPe MOHOTpadus B TaHHON 00JacTH.

[To okonuanuu acnupantypel B.C. Psbenpkuii pabotanm HOIEHTOM
MOCKOBCKOTO 3a04YHOTO T€Aaroruueckoro HWHCTUTYTa, a B 1957 romy ObLl
npuriaiieH B OTaenenrne npukiiaaHo marematuku — Heiie MIIM um.M.B.Kenaeima
PAH. 3nmecb B HMHTEHCHUBHBIX 3aKphITBIX paboTax MO pacyeTaM 3ajad Tra30BOU
JUHAMUKHA C TEIJIONMPOBOJAHOCTBIO PAa3HOCTHBIMU METOJAMHM HAKOMHIICS YCHEUIHBIN
onbIT npaktuyeckor padotel. B.C. Psabenbkomy Bmecte ¢ C.K. 'ogyHOBBIM ObLIO
MOPYYEHO TEOPETUYECKH OOOOIIUTh M OMYOJMKOBATH ATOT OMNBIT, YTO W OBLIO
CHEJIaHO B BHJIE COBMECTHOUW MOHOTpaduu «BBeneHue B T€OpUIO PA3HOCTHBIX CXEM)»
(1962), xotopas 3ateM mepepaboTaHa B y4deOHOE MOCOOWE, BBIMICIICE IBYMS
n3ganusaMu B 1973 u 1978 1.

B mnocnenyromme rtoner B.C. Psbenpkuii — Tenmeph yKe MPU3HAHHBIN
CHEIUAINCT B O0JIACTH PAa3HOCTHBIX YPaBHEHHM, CO3JaJ TEOPHUI0 Pa3HOCTHBIX
MOTEHITUAIOB, ONTyOJIMKOBAHHYIO B MHOTOYHCIICHHBIX CTaThsIX U 00OOIIEHHYIO B TPEX
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W3IaHUSIX ogHOMMEHHOW MoHorpaduu (1987, 2002, 2010 rT.), yIOCTOCHHON MpeMun
uM. WN.I". Tlerpockoro B 2007 roay. B ee 0CHOBY MOJI0KEH aHAJIOT MHTETPAIbHBIX
dbopmyn tuna Komm ayis aHamUTUYECKUX (QPYHKIUN B MPUMEHEHUH K JUCKPETHBIM
(GYHKLIMSIM Ha pacyETHBIX CEeTKaX. JTa Teopust HAXOAUT d(PPEKTUBHBIC TPUITIOKEHUS B
YUCJIICHHOM PEIICHUH 3a]]a4 MaTeMaTHYeCKON (U3UKU B OECKOHEUHBIX 00JIaCTSAX: OHA
MO3BOJISIET OTPAHUYUTHCS OO0JACThIO KOHEUHBIX pa3MEpOB C HCKYCCTBEHHBIMU
IPaHUYHBIMU YCIIOBUSMH, IEPEHECEHHBIMU U3 OECKOHEYHOCTU. B mocnennee Bpems
BBITIOJTHEHA Cepusi pabOT MO PENICHUIO aKTyaJIbHBIX 3a7a4 aKyCTUKH 00 yCHJICHHUH
WY, HAoOOpOT, TJYIIEHHWH 3BYKOB B CHUCTEME U3 JIByX COCEIHHMX IOMEIICHHUI:
YIIPaBJI€HUE OSTUMH TMPOLECCAMH OCYIIECTBISIETCA C MOMOIIBIO Pa3HOCTHBIX
MOTEHIIUAJIOB, COCPEAOTOUYEHHBIX BIOJIb TPAHULIBI MEKTy HUMHU.

B Teuenue necartuneruili B.C. PsOeHbkuil Bl MOCTOSHHYIO MEAAroru4ecKyro
paboty mpodeccopa kxadenpsr BbramciuTeapHOW Marematnku MOTU. 3mece um
CO3/7IaHbl U MPOYHUTAHBI KYpPCHI JIEKIIUH, HA UX OCHOBE HAMKMCAHO y4yeOHOe Mocolue
«BBeneHue B BRIUUCIUTEIIBHYIO MAaTEMATUKY», BBIIICAIIEE TPEMS U3IaHUSAMU B 1994,
2000 u 2008 romax. Ero MHOro4YuciIE€HHBIC YUCHUKH — KaHIUJAThl U JIOKTOpAa HAyK
YCHEUIHO MPOAOJIKAIOT Pa3BUBATh TEMATHKY CBOETO YUYUTENS B HaIllEd CTpAaHE U 3a
pyoOeKoMm.

Caoii conmunnbiii 100uneit Buktop ConoMoHOBUY Mpa3AHyeT «0e3 oTphiBa OT
MPOU3BOJICTBAY, YBICUEHHO paboTas B m30paHHOW MM oOnactu Hayku. [loxemaem
eMy 100pOoT0 3I0POBbS, YCIIEXOB U PaJ0CTEil.
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KJIIOYEBASA UTHOOPMALUA JIA YIIPABJIEHUSA PEHHEHUAMHAU
JUHEWHBIX PASHOCTHBIX CXEM B COCTABHBIX OBJACTSX

B.C. Paoenbkuit

Hncemumym npuxnaonou mamemamuxu um. M.B. Kenoviuua PAH

ryab@keldysh.ru

OrmpenenieHO MOHATHE KIIOYEBOM HMH(POPMAIIMU O PA3HOCTHOM CXeMe U Lelu
yIpaBieHuss ee pemieHueM. [lomydeHa Qopmysia BBIUUCICHUS IO 3TOW HHPOpPMAIHU
YIIPABJISFOIIETO BO3JCHCTBYSI, 3aIIUIIAIOIICTO pEIICHUE B 3aJaHHOW TMOA00JACTH OT
BITUSTHUS TIPABBIX YaCTEH, JIOKATU30BAHHBIX B JOTIOTHUTEIHLHOM MO00IaCTH.

The concept of key information on difference scheme and goals to how control its
solution are defined. A formula of calculation of control action by this information is
obtained. The control influence is protected the solution in a given subregion from the
influence of right-hand sides which are localized in the additional subdomain.

PaCCMOTpI/IM Pa3HOCTHYIO CXCMY
dau,=f, meM, (1)

neN,,

M — 3amaHHOE€ KOHEYHOE MHOXECTBO Touek M, meM; N_ — 3aganHOe
MHO€eCTBO Touek N, NneN_; a
f ., meM - 3agannbie npaBble yacTu. Pemenne U, ={u } 3amaum (1) ompeneneHo
Ha MHOXkecTBe N =UN_, meM . Oynkmuu f, ={f. .}, meM ,uu,={u.}, neN,
MOTYT OBITb BEKTOP-(QYHKIUAMH, KOI(PPUIUEHTHI &, MOTrYT ObITh IPAMOYTOJIbHBIMU

meM, neN_ - 3amaHHble KO3(P(UIUECHTHI;

mn !

MaTpHUIaMHU.
IIpoctpancTBo Beex mpasbix yactei f,, o6oznaumm F,, a Bcex QpyHKImiA U, ,

Ul KOTOPBIX MMeEeT cMbIca JieBasg 4acTh (1), o6o3naumm U, . Ilpennonoxum
meM a meN,;
f, €, m uy,€U,. Oto ycioBue cocTout B TOM, uTO cxema (1) mmeer omHO M

BBIIIOJIHEHBIM  yCIIOBUE coracoBanus mexay M N, .

TOJIBKO OJIHO pemeHue Uy €U, mpu mo0oii npasoii yactu f,, € F, .

[yctb M™ - xakoe-uuOyap moamHoxkectBO M*™ M wmHoxectBa M .
Ompenenium M ™, N*, N~ u cetounyio rpanuiy y mexay N u N7, momoxus
M =M\M* N"=UN,, meM* N =UN, meM; y=N[N".
O6osnaunm U, mpocTpaHcTBO BeeX (yHKIMiA U, , NOMYyYEHHBIX CY)KEHHEM Ha
y < N BceBO3MOXHBIX pyHKIMH Uy, €U .

Hapsny c (1) paccMoTpuM cieayronme 18 CXeMbl

Sl =0, (M),  meM, 2)
neNm
Sau=6,(M)f, meM, (3)
neNm
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rne 6,(X), X cY - xapakrepuctnueckas (QyHKOUs MHOXecTBa X . O4eBHIHO

PaBCHCTBO
—_ +
u,=u,+u-, neN. 4)
[Tycte pa3HocTHas cxema (1) ecTb pa3HOCTHas amMpOKCUMAIUsS HEKOTOPOM
JIMHECUHOM 3aJa41 O 3BYKOBOM IIOJIC, IIPUYCM fm — MOICIIMPYCT IINIOTHOCTDb

UCTOYHHKOB, a U, MOJEIUPYET aKyCTUYECKOE IOJIE.

JIns KpaTKOCTU peuH COXPaHMM TEPMHHBI ' aKyCcTHUYecKoe Iose’”, "'TIOTHOCTh
MCTOYHUKOB" M 1 abctpakTHBIX cxeM (1)-(3). Cmaraemsle U, u Uy B cymme (4)
MPHOOPETAIOT CMBICII BKJIAJIOB BIUSHUS UCTOYHUKOB f , me M ™, u ucrounukos f_,

- — - +
me M™, B akycTrueckoe moiue Uy, Uy = Uy +Uy .

Ilycrs 2z, Z, €U, npousBonbHas ¢ukcupoBanHas ¢pynkuus uz U . Ilycts
Oy 9y € Fy» ¥ Z, CBS3aHBI TakK, YTO Z, SBJSETCA PELICHHUEM 3a1a4U

> anz, =f,+9,, meM (5)
neNm

OHDGIIGJIGHI/IG 1. By,Z[GM TOBOpUTB, 4YTO gm CCThb YIIPABJICHHUC PCHICHUCM UN

3agaun (1), mepeBomsmee U, B 3aaHHyl (yHkuuo 2z, . OyHkuuwo Z, Oyaem
Ha3bIBaTh 1I€JIEBOM (DyHKIMEH AJI yIpaBiIeHUs g, .

Teopema 1. IIpu nrob6oit nenesoit pynkuun z,, z, €U, CylecTByer oHO U
TOJIbKO OJHO YIIpaBlIeHUE (,,, KOTOpoe NepeBoAuT U, B Z,. OTO yIpaBJICHUE
MOXHO 3anucaTh HopmMysion

g, = Zamnzn—fm, meM (6)

neNm
BBenem cemeiictBo  QyHkumit  z, =z, (A,A"), 3aBucsmee OT IBYX

BEIIIECTBEHHBIX MapamMeTpoB A u A', 1 3aaHHBIX (OpMyJI0it

o Au +u, ecmuneN
z (AL A) =9 0 . (7)
u,+Au,, ectuneN"\y
OueBHUIHO
zy(1,1) =uy +Uy =uy. (8)

I[Tpu nepexone ot Uy K Z, (A", A") BKiIaabl HCTOYHUKOB f_, JIOKaIM30BaHHBIX

B TOYkax Me M™ u me M, B akycTudeckoe mose, B cuiy (7) yMHOKACTCS B TOUKaAX
neN uwneN"\y ma A~ u A" coorBerctBeHHo. B uwactHoctH, ecmu A" =0, TO

MIPOUCXOJIUT TOJHAs 3alluTa aKyCTUYECKOro moJyisi B Toukax Ne N~ or BiusHuUs
ucrouynnkoB f ., meM?. Ecnmu Bkimax BnusHus ucroynukoB f ., meM™ B

aKyCTHYecKoe Toyie Z, B Toukax Ne€ N~ TpakToBaTh Kak HEXEJIATeNbHBIA IIyM, TO
nepexon ot Uy k Z, (0, A") o3Hauaer MOJNHYIO 3alUTy aKyCTHYSCKOTO OIS B TOUKaX

ne N~ or myma ucrounukoB f , meM™.
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Onpenenenune 2. KitoueBoit nndopmanueii ais ynpasnenus g, =g, (A, A")

nepexonom ot Uy k Zy (A", A") nazoBem Qymkumoo W, =W (A", A"), cBi3aHHyIO C
- +
U, U U’ paBeHCTBOM
- At — - - +\y 1+
w, (AT, A)=(A -Du, +(1-A")u; 9)
3ameuanue. [lonuepknem, uto mis 3uanus W, (A”, A") 10CTaTOYHO TOMHMO

camoit pynkiun W, (A", A") B TOUKax Ney ele 3HaTh, YTO CYIIECTBYET CBs3b (9)

+

bynxkumm W, (A7, A") ¢ Qynkmmamu U, u U,

- +
HO caMH QYHKIMH U, W U MOIyT

OCTaBaThCS HEU3BECTHBIMM.
Tak, nanpumep, ecit A" =0, A" =2, To ecTh ecin

u,, ectune N
7, (A A= !
u,+2u,, ecmuneN" \y
TO KJIt0UYeBas nH(popmanus
w, =w (0,2)=(@-1u, +(1-2)uy" =-u,
coBnanaer ¢ (—U,) He3aBUCHMO OT Bu/a pyHKIMH U, 1 U .
Teopema 2. VYmpasnenue ¢,, =0, (A ,A"), mepeBoasimee U, B LEICBYIO
dynkumio z, (A", A"), 3anaercs popmyoit
0, ecnrume M~

gn (A7 A7) = Zamn[HN (»w.], ecrumeM”, (10)

neNm

rae W,, N €y, ecTh 3HaY€HUs KIH0ueBor nHpopmanuu W, (A", A’) BTOuKE NEY U

w, (A",A"), eciune
eN(y>wn={( ) /

0, eCliuUnegy.
CpaBuum dopmysl (6) u (10) nns Berumcnenus g,, (A, A"). BoruucieHue
gy (A", A") no TpuBnaneHO#l hopmyne (6) TpeOyer 3HaHUS MOJIHOW MHPOPMAIMHU O

pasHocTHBIX cxeMmax (1), (2), (3): myxno 3vatb M ; N_; a.,., meM, neN,; f

mn ? m?

me M, a Takxke 3Hauenus z, (A", A") neneBoit pynkuun z, (A, A").

Beruucnenue toro ke ynpasnenus ¢, (A ,A") mo ¢opmyne (10) tpebyer
3HAHUA TOJBKO KioveBod mupopmanmu W, (A™,A"), a Takke @, JUIs KOTOPBIX
meM”® u ne Nmﬂy. [Ipu stom Bce Tpu ¢ynkuun z, (A, A"), Uy, Uy H Jaxe

obmacte N uX ompeneneHus OCTarOTCs HEU3BECTHBIMH.
Taxkum o6pazom, Teopema 2 OCYMIECTBIACT PEAYKIIMIO MPOOIEMBbl TOCTPOCHUS

ympasienus g, (A ,A") k mnpoOieMe mody4eHHs KIHOYCBOH uHOpMauu
w,=w, (A",A")
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3amMeTuM, 4TO TeopeMa 2 OMUPAETCS HAa CBOMCTBA PA3HOCTHBIX MOTEHIIMAJIOB
[1]. Teopema 2 siByisieTCst IIUPOKKUM 0000IIIEHHEM pe3ynbTaTa [2].

Cnucok aumepamypbi
1. B.C.Psabenvkuti. MeTon pa3HOCTHBIX IOTCHIIMAJIOB MU €ro MpUIOKEHUs, M.,
®duzmatnur, 2010.
2. B.C.Pabenvkuii. ®yHKIIMOHAJIBHBIA aHATIU3 U ero nmpuiokenus, M., Hayka, 29(1),
70-71, 1995.

WAVE PROPAGATION IN ADVECTED ACOUSTICS WITHIN A
NON-UNIFORM MEDIUM UNDER THE EFFECT OF GRAVITY

S. Abarbanel*, A. Ditkowski 2

! Tel-Aviv University, Tel-Aviv, Israel,
saula@post.tau.ac.il

% Tel-Aviv University, Tel-Aviv, Israel,
adid@post.tau.ac.il

We investigate linear wave propagation in non-uniform medium under the influence
of gravity. Unlike the case of constant properties medium here the linearized Euler
equations do not admit a plane —wave solution. Instead, we find a “pseudo-plane-wave”.
Also, there is no dispersion relation in the usual sense. We derive explicit analytic solutions
(both for acoustic and vorticity waves) which, in turn, provide some insights into wave
propagation in the non-uniform case.

Understanding the phenomenon of wave propagation is of great interest in
several fields of scientific and technological importance; e.g. electromagnetics,
elasticity, geophysics, fluid flow, acoustics and advected Acoustics. Rarely can one
obtain analytic solutions to such problems and then we resort to computations.

Good computational approaches try to be guided as much as possible by
analytic knowledge of the nature of The phenomenon. Thus, foe example, numerical
solutions of the Navier-Stokes equations rely on insights gained from boundary layer
theory.

We focus our attention on the field of advected acoustics in subsonic flows.
Much is known in the case of Uniform main flow in a constant density (pressure)
medium. Hu has done a case of non-uniform main-flow (in a uniform medium) by
examining the relations between the group and phase velocities. To our knowledge,
the case of non —uniform density, in particular that caused by gravity , has not been
worked out in detail.

We start by deriving the dimensionless linearized Euler equations appropriate
foe our problem. We then inquire whether the derived equations support a “classical”
plane—wave solution. The answer is negative.
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Instead of ending up with a homogeneous linear algebraic equation (whose
solvability condition yields a dispersion relation) we get a system of linear ordinary
differential equations with variable coefficients. We solve this set of o.d.e.’s to
obtain the non-constant entries in the coefficient-vector of the “pseudo-plane-wave”
solution.

This form of the analytic solution provides some insights into the nature of the
phenomenon. Thus, for example, the ratio of the amplitudes of the components of the
coefficient-vector to each other do not remain fixed but vary as the square root of the
local density.

Numerical computations verify the effects we studied.

THE SIMPLEST TURBULENT FLOW: SHEAR FLOW AT VERY LARGE
REYNOLDS NUMBERS.
A SURVEY OF THE TOTAL OF STUDIES

G.l. Barenblatt, A.J. Chorin, V.M. Prostokishin

Institute of Oceanology RAS - Moscow, Russia,
Deparment of Mathematics, University of California, Berkeley

Turbulence is one of the basic chalenges of modern engineering science and
applied mathematics. The most advanced branches of turbulence studies are the
investigations of the local structure of turbulent flows at very large Reynolds
numbers started by A.N.Kolmogorov and A.M.Obukhov, and those of the structure of
turbulent shear flows at very large Reynolds numbers started by Th. von Karman and
L.Prandtl. The studies of shear flows in pipes and boundary layers of the wall
bounded flows are of central interest in the last branch of turbulence studies.

Practically in all courses, monographs and text-books the structure of the field
of averaged velocities in the intermediate region between the viscous sublayer and
the vicinity of the pipe axis is described by the universal (Reynolds number
independent) von Karman-Prandtl logarithmic law. The drag law is described by an
implicit Prandtl formula which was derived on the basic of the logarithmic law.

All these results are based on a hypothesis, explicitly formulated by von
Karman, that the flow in the intermediate region does not depend on the fluid
viscosity (which means the complete similarity in the dimensionless parameters
containing the fluid viscosity).

In the present lecture, summarizing the long time cycle of investigations
performed by authors it is shown that the von Karman hypothesis does not
correspond to reality. An alternative hypothesis is proposed according to which there
IS no similarity in the global Reynolds number, and these is an “incomplete
similarity” in the local Reynolds number - a similitude parameter equal to the ratio of
the distance to the wall to the “viscous length scale”.

The analysis performed led to a new power law for the velocity distribution
and following from it an explicit formula for the drag coefficient.
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The results were compared with all published experimental data and an
instructive confirmation was found. An analogous investigation with the same
conclusions was performed for boundary layer flows and wall-jets.

The authors came to the conclusion that the von Karman-Prandtl law is not
correct. It should be excluded from the teaching process and replaced by proposed
and experimentally approved power law.

EFFICIENT TIME-STEPPING-FREE TIME INTEGRATION
OF THE MAXWELL EQUATIONS

M.A. Botchev!

'Department of Applied Mathematics, University of Twente,
Enschede, the Netherlands,
m.a.botchev@utwente.nl

Solution of the time dependent Maxwell equations is an important problem
arising in many applications ranging from nanophotonics to geoscience and
astronomy. The problem is far from trivial, and solutions typically exhibit
complicated wave properties as well as damping behavior. Usually, special staggered
time stepping schemes are used [1]. Although their time step may be severely
restricted by the CFL condition, performance of these schemes is hard to beat by
modern implicit or exponential time integration schemes [2]. We show that in some
cases so-called time-stepping-free schemes provide a very efficient alternative to the
standard schemes. These schemes employ the matrix exponential function and can be
implemented by special block Krylov subspace techniques [3,4].

Numerical examples demonstrating the efficiency of the proposed approach are
presented, coming from the fields of nanophotonics and geoscience.

References:

1. M.A. Botchev, J.G.\Verwer, Numerical integration of damped Maxwell equations
/I SIAM J. Sci. Comput. 2009, vol. 31(2), pp. 1322-1346 .

2. J.GVerwer,, M.A. Botchev, Unconditionally stable integration of Maxwell's
equations // Linear Algebra and its Applications, 2009, vol. 431, Issues 3-4, pp.
300-317.

3. M.A. Botchev, V. Grimm, M. Hochbruck, Residual, restarting and Richardson
iteration for the matrix exponential. // To appear in SIAM J. Sci. Comput.,
accepted in February 2013.

4. M.A. Botchev, A block Krylov subspace time-exact solution method for linear
ODE systems. To appear in Numer. Lin. Algebra Appl., accepted in December
2012.
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A SIMPLE EULERIAN FINITE-VOLUME METHOD FOR COMPRESSIBLE
FLUIDS IN DOMAINS WITH MOVING BOUNDARIES

A. Chertock!

'North Carolina State University, Raleigh, NC, USA,
chertock@math.ncsu.edu

We introduce a new simple Eulerian method for treatment of moving boundaries in
compressible fluid computations. Our approach is based on the extension of the interface
tracking method we have recently introduced in the context of multifluids and may be used
in conjunction with one’s favorite finite-volume method. The robustness of the new
approach is illustrated on a number of 1-D- and 2-D examples.

In this talk, I will present a finite-volume method for computing compressible
fluids in the domains with moving boundaries. Our approach is based on the
extension of the interface tracking method we recently introduced in the context of
multifluids. To this end, we consider a model governed by the compressible Euler
equations and place the fluid domain into the computational domain of a fixed size,
which is divided into Cartesian cells. At every time moment, each cell is marked as
either internal, external, or boundary one. The internal cells are fully occupied by the
gas; the external cells are located outside of the fluid domain and play the role of the
so-called ghost cells, while the boundary cells form a thin layer between the internal
and external ones. The boundary cells have to be introduced since in the case of
moving boundaries, the fluid domain boundary cannot, in general, be forced to
coincide with the cell edges. As a result, the boundary cells are only partially filled
with the gas, which is very inconvenient since within the finite-volume computational
framework numerical solutions are represented in terms of the cell averages. One of
the possible ways to treat the boundary cells is to split each of them into two smaller
cells: the internal and the external ones. However, this would significantly increase
the complexity of the entire solution algorithm and may lead to very small time steps.
We prefer an alternative, simpler approach, in which the averages are computed over
the internal cells only and the data contained in the boundary cells are not used for
the computation of numerical fluxes. Namely, we only approximate the point values
at the edges of these cells, required in the numerical flux computations. These point
values are obtained using the solid wall extrapolation followed by the interpolation in
the phase space (by solving the Riemann problem between the internal cell averages
and the extrapolated ones). The numerical solution is then evolved in time in internal
cells only.

The proposed computational framework is general and may be used in
conjunction with one's favorite finite-volume method. In this talk, 1 will discuss the
semi-discrete second-order central-upwind scheme. This Godunov-type scheme
enjoys all major advantages of Riemann-problem-solver-free, non-oscillatory central
schemes and, at the same time, have a certain "~ built-in" upwind nature. The
robustness and accuracy of the new approach will be illustrated on a number of one-
and two-dimensional numerical examples.
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BOUNDARY CONDITIONS FOR HIGH-RESOLUTION SIMULATIONS
OF WAVES

T. Hagstrom'

'Southern Methodist University, Dallas, TX USA,
thagstrom@smu.edu

We discuss various problems related to the use of high-resolution difference methods
to simulate wave propagation in the time domain. These include the construction of stable
boundary closures and convergent sequences of radiation boundary conditions.

Wave propagation problems of interest in science and technology are typically
posed on complex and unbounded spatial domains. In free space it is well-understood
that high-resolution discretizations on structured grids are remarkably efficient,
allowing accurate long-range propagation with minimal degrees-of-freedom per
wavelength and minimal flops per degree-of-freedom to evaluate the approximate
derivatives. The challenges in applying such efficient methods for realistic problems
are all associated with boundaries: physical boundaries where difference stencils
must be modified (e.g. become one-sided at the edge of a grid line) and artificial
boundaries where approximate radiation conditions must be imposed. In this talk we
will discuss our ongoing work to address these problems.

For one-sided differencing we have introduced a concept of grid-stabilization,
which involves the addition of one or two subgrid nodes near grid boundaries [1,2].
The method works well for closing difference formulas of orders up to 12. Its
analysis using Laplace transforms is of some interest; for second order systems we
generally detect oscillatory modes of boundary layer type which we conjecture are
not dangerous from the point of view of stability. (See also [3].) To treat complex
geometry we have implemented these methods on overlapping, mapped structured
grids, though a complete analysis of stability with overlapping grids is not yet
available. We will also discuss our efforts to derive grid-stabilized formulas
satisfying summation-by-parts conditions (e.g. [4]) and to construct stable closures
for methods based on Fourier continuation [5] or band-limited interpolation [6].

Most methods for imposing near-field radiation boundary conditions which are
in current use suffer from one or more severe limitations. Accurate methods can be
constructed using space-time integral representations of the solution and its normal
derivative at the artificial boundary. However, the efficient implementation of these
methods requires special boundaries (e.g. spheres) and associated complex harmonic
transforms [7]. Simpler local methods such as high-order sequences of approximate
radiation conditions [8] or perfectly matched absorbing layers [9] can lose accuracy
as the simulation time is increased [10,11]. We have identified the source of this loss
of accuracy as the poor treatment of evanescent modes. This has led to the
development of a new sequence of local radiation boundary conditions, which we call
Complete Radiation Boundary Conditions (CRBC), which provide uniform accuracy
over arbitrary time intervals [12,13]. Directly, they are constructed as uniform
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rational interpolants of the exact radiation condition on Laplace inversion contours in
the right half-plane. We will present the construction and analysis of CRBCs for
simple isotropic wave systems, and discuss their practical application on
computational domains with corners and edges [14,15]. Lastly we will consider their
generalization to more complex systems such as the elastic wave equation [16]. Here
we prove that stable formulations are always possible, even for anisotropic models of
crystalline materials. The open question is to determine the optimal bounds on the
complexity.

Acknowledgement: This work was supported by ARO grant W911NF-09-1-
0344, NSF grant OCI-0904773, and BSF grant 890020. Any conclusions or
recommendations in the paper are those of the author and do not necessarily represent
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B mHactosmeir pa®oTe mpencTaBieHbl NPUMEPbl HEEAMHCTBEHHBIX MOJIHOCTHIO
COLUEAIINXCS YMCIEHHBIX pELIEHUMH ocpeaHeHHbIX YypaBHeHud Haspe-Ctokca ¢
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Pa3IMYHBIMU MOZENSMU TYPOYJIEHTHOCTH JUIS a’pOJMHAMHYECKHX KOH(QUTYyparui mpu
OONBIINX yIJIax aTakH.

In this paper we present evidence for the existence of multiple machine zero-
converged numerical solutions of Reynolds--averaged Navier--Stokes equations (RANS)
with the one--equation Spalart--Allmaras (SA) and two--equations Wilcox k-Omega
turbulence models on fixed grids in 3D and describe how they were obtained.

The results in this paper were obtained with the two Boeing research solvers
pilot3d and supgNd. Both have many features in common but were developed
independently and so have some differences in the discretization and solver
implementations.

Both codes use purely tetrahedral grids and use finite element SUPG(1) (linear
elements, second order) discretization [1] of the fully coupled system of RANS+SA
equation in 3D. Both solvers use Newton's method in combination with time stepping
to the steady state and with rather sophisticated heuristic adjustment of the local time
step based on the behavior of line search and linear solver. To eventually achieve
super-linear convergence to a zero of the steady-state residual it is necessary to have
the exact Jacobian and to push the time step as far as possible towards infinity. The
linear solver at each Newton iteration is a right-preconditioned GMRES method with
an incomplete LU factorization with drop tolerance (ILUT) on each subdomain as the
preconditioner. The supgNd solver can optionally use implicit residual smoothing
(IRS) mechanism [2] to accelerate convergence to the steady-state.

With this structure of the linear solver the codes allow efficient parallel
implementation using MPI. Though significantly more expensive than existing finite-
volume production solvers if measured per core, both Boeing codes have shown to be
very efficiently scalable. More details on the discretization and solver strategies used
in GGNS may be found in the reference [3].

The baseline test case used in this work is trap wing (prototype) high-lift
configuration which was used as a baseline for the AIAA 1% High Lift Workshop [4].

The first indications of the multiple machine-zero converged solutions with
GGNS codes were obtained when the pilot3d and supgNd solvers generated two very
different solutions at 28 degree angle of attack (AoA), one definitely showing the
post-stall amount of separation. Cross-rerunning the two codes from the other solver's
solution as initial guess has confirmed that there exists at least 2 machine-zero
converged solutions on the same grid for each solver at this angle of attack.

With realization that the choice of initial guess may be the key ingredient for
running a non-linear solver into the different basin of attraction, systematic effort was
made to trace dependence of the steady-state solutions on the initial guess. With the
supgNd solver by changing the way the viscous wall boundary condition was
enforced at the beginning of the time-stepping iterations we were able to find up to 4
distinct, machine-zero converged solutions on the coarse Workshop grid (with ~3.6
million grid points).

Independently switching the implicit residual smoothing mechanism in the
supgNd code (initially intended to accelerate convergence) led to the discovery of
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four more solutions on the coarse grid (the runs were done with different values of
the IRS weight), the overall number of solutions for this grid at AoA=28° thus
settling at 8. We note that the distinct character of all these solutions was confirmed
by re-running pilot3d from each of them as an initial guess. Example of two different
solutions for the coarse grid obtained with the SA model is shown on figures below.

Applying these techniques also for the Workshop medium (~ 11M nodes) and
fine (~ 32M) grids, we were able to obtain 6 solutions on the medium grid and 2
solutions (so far) on the fine grid.

The different solutions on the same grid differ mostly by the amount of
smooth-body flow separation: the position of the separation line(s) on the main
element and flap as well as by the topological structure of the separation pattern. It is
remarkable that though attempts were made to capture more solutions by changing
the free parameters in the initial guess settings as well as the implicit residual
smoothing mechanism (the overall number of runs for the coarse grid may be
estimated at about 100), we were only able to find 8 distinct solutions on this grid.

With similar techniques, for the trap wing case, we were able to numerically
find complete ‘multiple-solution branches’ for the whole sweep of high angles of
attack (from 24° to 35°).
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IONIZATION-ASSISTED RELATIVISTIC ELECTRON GENERATION
WITH MONOENERGETIC FEATURES FROM LASER THIN FOIL
INTERACTION

A.V. Karpeev, I.V. Glazyrin, O.G Kotova

Russian Federal Nuclear Center —
E.l.Zababakhin Research Institute of Technical Physics,
a.v.karpeev@vniitf.ru

The concept of ionization-induced injection into the laser pulse to produce quasi-
monoenergetic bunches of electrons from ultra-thin solid dense targets is analyzed.

A concept for the generation of relativistic electron bunches with
quasimonoenergetic features in the interaction of a high intensity laser pulse with
overdense plasma has already been demonstrated for an ultra-thin foil [1]. When the
laser pulse propagates through semi-transparent foil the electrons from inner atom
shells remain bound during the rise time of the laser pulse and are ionized by the laser
intensity near its maximum amplitude, which satisfies the best injection condition for
subsequent acceleration. The 2D3V PIC code PICNIC was used for simulation of a
linearly polarized laser pulse with a wavelength A=1.053 pm normally incident onto
nano-sized DLC target. We performed simulations for 3 cases: (1) 5 nm carbon foil
ionized due to field ionization (FI); (2) the same, but already ionized foil, i.e. the foil
in the form of a plasma slab with average charge <Z>=3.4; (3) 42 nm carbon foil
with FI. Comparison of the results obtained with different target models shows that a
correct description of the interaction of a high contrast laser pulse with an ultra-thin
solid dense target should include the FI effect. It was found that for the case (1) a
bunch of quasimonoenergetic electrons from inner atom shells moves co-directionally
with laser pulse and acquire energy ~mec’a®/2.
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CENTRAL SCHEMES: A POWERFUL BLACK-BOX SOLVER FOR
NONLINEAR HYPERBOLIC PDES

A. Kurganov*

Tulane University, New Orleans, USA,
kurganov@math.tulane.edu

The talk will be focused on non-oscillatory central schemes, which are simple,
efficient, highly accurate and robust Godunov-type finite-volume methods for general
hyperbolic systems of conservation laws. | will first show their derivation and then
several recent applications.

I will first give a brief description of Godunov-type finite-volume methods for
general hyperbolic systems of conservation laws. These methods consist of two types
of schemes: upwind and central. My lecture will focus on the second type - non-
oscillatory central schemes.

Godunov-type schemes are projection-evolution methods. In these methods,
the solution, at each time step, is interpolated by a (generically discontinuous)
piecewise polynomial interpolant, which is then evolved to the next time level using
the integral form of conservation laws. Therefore, in order to design an upwind
scheme, (generalized) Riemann problems have to be (approximately) solved at each
cell interface. This however may be hard or even impossible.

The main idea in the derivation of central schemes is to avoid solving Riemann
problems by averaging over the wave fans generated at cell interfaces. This strategy
leads to a family of universal numerical methods that can be applied as a black-box-
solver to a wide variety of hyperbolic PDEs and related problems. At the same time,
central schemes suffer from (relatively) high numerical viscosity, which can be
reduced by incorporating of some upwinding information into the scheme derivation -
this leads to central-upwind schemes, which will be presented in the lecture.

During the talk, I will show a number of recent applications of the central
schemes.

Distribution A: Approved for public release; distribution is unlimited.


mailto:a.v.karpeev@vniitf.ru

24

BOUNDARY IN CELL (BIC) METHOD
FOR GAS-SOLID DYNAMICS SIMULATIONS

. Menshov
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We develop a finite-volume technique for solving the compressible non-stationary
Euler equations in complex domains bounded by surfaces of moving solid bodies. This
technique is a kind of the embedded or immersed boundary method where the
computational grid covers the whole computational domain including solid regions, and the
solid boundary is treated independently on the base grid. The method is based on the
Godunov approach. Calculations are performed over the whole domain with the same
algorithm for all cells; no special interpolation scheme near the solid boundary is involved.
The effect of the solid surface is taken into account by means of in some sense fictitious
(artificial) fluxes of mass, momentum, and energy. These fluxes are added to cut cells so
that the solution in the exterior to the solids would be the same as that of the original
boundary value problem. The method proposed is shown to be more flexible, robust, and
efficient than other methods based on the immersed boundary approach.

This paper addresses a numerical technique for solving non-stationary
compressible Euler equations in a region external to solid objects that may move in
space with a prescribed law of motion (forced motion) or due to interaction with the
gas (free motion). The method we propose pertains to the class of embedded
(immersed) boundary approaches.

In an embedded boundary approach the computational domain (that includes
both gas and solid regions) is discretized with a grid (structured or unstructured) and
solid surfaces intersect computational cells in an arbitrary fashion. The main
advantage of the embedded boundary method compared with body fitted grid
approaches is the simplicity of grid generation, and the possibility to discard
regridding (to accommodate changes in geometry due to solid motion) from
calculations.

The penalty for this simplicity of coarse emerges that consists in the problem
of the solid surface treatment, in particular the cut cell problem — how to calculate
flow parameters in the cells that are cut by the solid surfaces?

Since pioneering works by C. Peskin (1977) there were many efforts to cope
with this problem, which can be classifying into two groups. One is based on the
finite volume formulation. In this approach a naive finite volume discretization is
applied to fractional cells forming due to base grid cell cutting. This way faces many
difficulties, such as “small cell problem”, uprising new gas cells and collapsing cells
in consequence of solid motion, etc. (Pember et al. (1995). The other group of
methods is based on finite-difference discretizations and employing rather
sophisticated interpolation schemes to treat the boundary conditions at solid surfaces.
These methods are mostly developed for incompressible flow problems. Their
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generalization to compressible flows is in somewhat trickish problem due to the
presence of shock waves and other discontinuities.

We propose a novel approach to treat the boundary conditions in the
framework of the embedded boundary method. We name it as “boundary in cell
(BIC)” method. It is applicable to compressible flows, very flexible, and formulated
In an unique way with no use any special interpolating schemes for solid surfaces.

The BIC method much relies on fundamental ideas of the Godunov approach.
A key point of this method is an alternative mathematical formulation of the problem
under consideration. The conventional statement is to solve the Euler equations
exterior of the solids with boundary conditions (b.c.) at the solid surface (I")

=

(U-Ug,i)=0, where U is the velocity vector, fi is the outward normal, the

(Y94
S

underscript “s” means solid velocity.

The alternative formulation can be obtained in the following way. Let’s for a
moment suppose that gas occupies all domain (including regions of solids) and the
solid surface is permeable. Then the gas flow can be described by the system of
integral conservation relations for an arbitrary domain Q bounded by s:

%jqd(ﬁ [fndS =0. Of coarse, the b.c. will not satisfy in this case. If we restore T
Q S

again as non-permeable, the flow outside will change to adopt the b.c. We try to take
into account this process by means of some fictitious fluxes that are introduced
locally at the solid surface to compensate the loss of mass, momentum, and energy:

9 [qdQ+[fnds=— [ F.ds (1)
ota S 7(Q)
where y(Q)=TNQ

Compensating fluxes r, are defined so that the solution of (1) in exterior of the

solid and the solution to the conventional problem with b.c. are completely matched.
One can prove that this can be achieved by means of the following choice:

p(u-U,.n)
F,=| p(a-U,f)a+(p-p,)n )
_p(U—Us,ﬁ)E+(pU— pWUS,ﬁ)_

where the subscript “w” means the pressure that occurs at the solid surface in
consequence of the flow reaction to the presence of the solid obstacle.

Thus, the BIC method is to integrate (1) and (2) throughout the whole
domain. We accomplish this with the second order Godunov method. The fluxes for
all cell faces (those bounded the cell itself and those in cell) are treated in the same
manner through the solution of the Riemann problem. There are some technical
details of the method that are omitted due to limited space of the present abstract,
which will be reported in the final paper.
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0.2 0.4 0.6 0.8
Figure 1: Instantaneous pressure field: 20 deg wedge, M=1.6, body fitted grid

calculation (upper), BIC’s calculation (lower).

Here we show some results that demonstrate capabilities of the BIC method.
First problem is the M =1.6 flow around a 20° wedge. Calculations are performed
with a conventional body fitted grid and a Cartesian grid by means of the BIC
method. Results are compared in Fig. 1.

Another is the simulation of a shooting process. There is a very small
clearance (0.37%of the barrel diameter) between the projectile and the barrel,
through which explosive gas can release the compressed region. Use of a body fitted
grid is impractical, whereas the BIC method successfully copes with all difficulties of
this simulation (Fig. 2).
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Figure 2. Pressure field for several time moments for the shooting process
simulation.

20

o L

Y (cm)

-20

-40

0 50 100 150

This work was supported by the Russian Foundation for Basic Research (grant
12-01-00915-a).

References:

Peskin C.S. 1977 Numerical analysis of blood flow in the heart, J. Comput. Phys.,
Vol 25, pp. 220-252.

Pember R. B., Bell J. B, Colella P., Crutchfield W. Y. and Welcome M. L. 1995 An
adaptive Cartesian grid method for unsteady compressible flow in irregular
regions, J. Comput. Phys., Vol. 120 pp. 278-304.

Mittal R. and laccarino G. 2005 Immersed boundary methods, Annu. Rev.
Fluid.Mech., Vol. 37, pp. 239-261.

Distribution A: Approved for public release; distribution is unlimited.



28

FINITE ELEMENTS METHOD FOR MATHEMATICAL MODELING
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This work presents the investigation of a waveguide with Oz axis and the
cross-section S ={(x, y): XE[O,&],yE[O,b]} with perfectly conducting walls and

nonuniform filling in a form of a bi-isotropic material insertion. The artificial
materials, or metamaterials, that are strongly interacting with electromagnetic field,
are currently actively developed and created. Bi-isotropic medium is the most general
case of linear isotropic medium. Its distinctive feature is the existence of the
electromagnetic coupling, so the electric or magnetic field acting on such medium
produces both polarization and magnetization, unlike ordinary dielectrics and

magnetics:
{D =a,E+a H
B= a21E+ a22H

where a,, a,, a,, a,, are constants.

Thereby the development of effective algorithms for calculating
electromagnetic field in such media is a challenging problem. A numerical algorithm
for calculating electrical field inside the insertion, excited by an incident normal
wave or a combination of normal waves, is proposed. The algorithm is based on
solving the boundary problem in the full vector statement, using partial radiation
conditions. However in the case of electromagnetic problems in such statement the
finite elements method can give spurious solutions. The method of mixed finite
elements effectively suppresses spurious solutions, but it possesses less accuracy than
the Lagrangian finite elements method. The numerical algorithm for calculating
propagation constants presented in this work is based on specific generalized
statement of the vector problem, and it permits to use the Lagrangian finite elements
without nonphysical solutions.

Consider nonsingular case, when a,,a,, —a,,a,, # 0. We will study the spectral

problem for the field with harmonic time dependence of the form e™*. Excluding
vector H from Maxwell’s equations and taking into account the nonsingularity of the
medium we obtain:

rotrotE =ik (a,, —a,, )rotE+k*(a,a, —a,a,, )E,
divE =0,

[n’ E]as - 0’ (1)
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where k=w/c. Let’s search for the solution corresponding the traveling wave:
E(xy,z)=E(xy)e”.

Consider an arbitrary rather smooth vector-function
E*(x,y)={E1*(x,y),E;(x,y),E;j(x,y)} that satisfies boundary conditions for

perfectly conducting walls.
Thus the problem can be formulated as follows: we must find the
propagation  constants » and the corresponding  vector-functions

E(x,y)={E(xY).E,(xY),E;(x,y)} with components belonging to the Sobolev
space W, (S) ; the contractions of E;(x.y), i=12,3, on the boundary oS must
satisfy the conditions

Ei‘yzo - El‘y:b - Ez‘x=0 - Ez‘x a S‘X 0~ 3‘x a E3‘y=0 - E3‘y=b =0, (2)
and the functions E, (x,y) are governed by the equation
H 5 OE, OE; N OE, OE; N OE, OE, N 28E2 OE, N OE, OE; N OE, OE; ds +
OX OX oy oy OX OX ayay OX OX oy oy

OE, OE; _OE, GE; oE B oE:
”{axay 8ya} U{ = ZE +E— Ea}d—
k(an‘an)fsf{% - —%E }ds—yk(azl—an)jsj{EzEf—ElE;}ds+
+7°[[{EE +EE; + 2E,E; Jds —k*(a,a,, — 2,8, ) [ (E.E")ds =0
S S

for an arbitrary vector-function E”(x,y) with components belonging to W, (S) and
satisfying (2).

The finite elements method is used for the numerical solution of the problem.
Consider N (x,y) are the Lagrangian basic functions, and

1 J B
xY)=> > E'N;(xy), k=123 (3)
i=1 j=1
are the approximate solutions. Taking the boundary conditions into account, we come
to the nonlinear eigenvalue problem

7*AX 4+ yBX +CX =0, (4)
The problem (4) can be transformed to the linear one by means of the
additional unknown vector Y =y X :

[—(Z: —1Bj[)v( j” G) i)(? ) (5)

The proposed algorithm was tested for the waveguide with the uniform
isotropic filling. The numerical results corresponded well to the theoretical solutions,
and no the spurious modes were obtained. The described method can be easily
generalized for the waveguide with the laminated filling. These algorithms can then
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be used for multiple solving the direct problem, when solving the inverse problem of
synthesis of a material with preset features.
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ON HIGH DISPERSION TRAVELING WAVE SOLUTIONS OF THE
KORTEWEG-DE VRIES BURGERS EQUATION
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Classical fluid mechanics deals with dissipation dominated shock waves where
the flow transitions rapidly, but monotonically, from one flow state to another. A
simple model for this type of phenomenon is the Burgers equation [1],

oV +voVv—eg V=0,
where v is the velocity, x is the space variable, t is time and¢ is the coefficient of
viscosity. This model has only one reference scale, the shock wave thickness, given
by 8¢ /[v], where [v]is the jump in velocity across the shock.

However, there are physical situations, such as an undular bore in shallow
water [2], ion-acoustic shock waves [3] and laser induced blast waves in a Bose-
Einstein condensate [4], among others, where shock waves are dominated by
dispersion. A prototype model equation for these dispersive shock waves is the
Korteweg-de Vries (KdV) equation [5],

oV +voVv+d0, V=0,
where & is the coefficient of dispersion. A non-periodic solution of the KdV equation
Is a self-reinforcing solitary wave, or soliton, whose wave width depends on its
amplitude. Other solutions consist of packets of solitons. Unlike viscous shocks,
these dispersive shock packets consist of a head wave followed by a damped
(modulated) wave train which can extend for very long distances.
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There are other phenomena, such as the flow of liquids containing small gas
bubbles [6], which are best modeled by an equation that combines the characteristics
of the Burgers and KdV equations; this is the Korteweg-de Vries Burgers (KdV-
Burgers) equation. Reviews of these models can be found in references [7][8]. The
purpose of this paper is to conduct a numerical study the properties of traveling wave
solutions of the KdV-Burgers equation in the range of high dispersion and low
dissipation. In this range, Johnson [9] obtained an asymptotic solution consisting of a
damped cnoidal (a Jacobi elliptic cosine) wave matched to the solitary wave solution
of the KdV equation and Liu and Liu [10] claimed an "analytic solution" consisting
of a damped sinusoidal wave loosely joined to the solitary wave solution of the KdV
equation. As we will show, the Liu-Liu solution is not a solution of the KdV-Burgers
equation, but of a linearization of this equation.

The numerical study shows that the wave damping rate correlates with the
wave damping rate of the linear solution of [10]. An estimate of the wave train
wavelength as a function of the Reynolds number is presented. It is shown that at
distances of the order of the wave train width the individual wavelength asymptotes
to the wavelength of the linear solution. A study of the turbulence characteristics of
the computed solutions reveals little turbulence like behavior, except for the energy
decay rate in the inertial-range which agrees with that observed in the Burgers
equation.
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ADER SCHEMES FOR EVOLUTIONARY PDES: A REVIEW

E. Toro
University of Trento, Italy

ADER is a fully discrete approach for constructing one-step, non-linear
numerical schemes of arbitrarily high order of accuracy in both space and time to
solve evolutionary partial differential equations. The approach was first put forward
by Toro et al. [1] for linear problems on Cartesian meshes, where the schemes were
formulated for one, two and three space dimensions; reported implementations for
linear schemes (fixed stencils) for one and two space dimensions included
computations of up to 10-th order of accuracy in both space and time. The
implementation of ADER schemes requires two ingredients (a) a high—order non-
linear spatial reconstruction, once per time step, and (b) the solution of the
generalized (or high-order) Riemann problem at each cell interface, also once per
time step. Here the generalized Riemann problem is the Cauchy problem for he
relevant system with piece-wise smooth initial data (eg. polynomials), with source
terms included. Further developments of the ADER methodology, including
nonlinear systems, multiple space dimensions, structured meshes and unstructured
meshes are found, for example, in Refs. [2] to [14]. An introduction to ADER
schemes and a review are given in chapters 19 and 20 of Toro’s book [15]. Recent
work on the ADER approach aims at simplifying the schemes. Examples of
applications will be shown.
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AND SCATTERING OF WAVES USING
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MeTon  pa3HOCTHBIX MOTEHIMAJIOB, MpPEeAJIOKEHHbIH PsOeHbkuM, TpUMEHEH
COBMECTHO C KOMIIAKTHBIMH Pa3HOCTHBIMM CXEMaMHU BBICOKOI'O IOpsAJKa TOYHOCTH IS
pelIeHusl 3aga4 pacHupoCTpaHEHHs BOJH B OO0NACTAX C MEPEeMEHHBIMH M, BO3MOXKHO,
Pa3pbIBHBIMU XapaKTEPUCTUKAMU CPEBI.

The method of difference potentials by Ryaben'kii is combined with compact high

order accurate finite difference schemes for solving the problems of propagation of waves
across the regions with variable and/or discontinuous material characteristics.
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We present a high order accurate methodology for the numerical simulation of
time-harmonic waves governed by the variable coefficient Helmholtz equation. Our
approach combines the method of difference potentials developed by Ryaben'kii [1]
with compact finite difference schemes that provide an inexpensive venue toward
high order accuracy [2,3]. The method of difference potentials can be interpreted as a
generalized discrete version of the method of Calderon's operators in the theory of
partial differential equations.

The method of difference potentials [1] offers several key advantages, such as
the capability of handling boundaries/interfaces that are not aligned with the
discretization grid, variable coefficients, and nonstandard boundary conditions. In
doing so, the complexity of the algorithm remains comparable to that of a
conventional finite difference scheme on a regular structured grid. In addition to that,
compact schemes [2,3] enable high order accuracy on narrow stencils and hence
require only as many boundary conditions as needed for the underlying differential
equation itself.

We have applied the proposed methodology to solving several variable
coefficient interior Helmholtz problems with fourth and sixth order accuracy [4]. We
have also analyzed the exterior scattering of time-harmonic waves about smooth
shapes, as well as a number of transmission/scattering problems [5], in which not
only do the waves scatter off a given shape but also propagate through the interface
and travel across the heterogeneous medium inside. In all the cases, our methodology
guarantees high order accuracy for variable coefficients, regular grids, and non-
conforming boundaries and interfaces [4,5].

In addition to that, we have solved several problems with non-standard
boundary conditions, such as variable coefficient Robin and mixed
Dirichlet/Neumann boundary conditions [6]. A significant advantage of our approach
is that it introduces a universal framework for treating the boundary conditions of any
type, and that altering the boundary condition requires only minor changes to the
overall algorithm.

total field, abs

-_—

- ———— 2

0

Figure 1. Scattering of a plane wave about an ellipse with aspect ratio 10. Absolute
value of the total field is shown. The exterior wavenumber is 10 and the
interior wavenumber is 20.
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O YUCJEHHOM PELIEHUM YPABHEHUI NEHJIEBE
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[Ipennaraerca uucieHHsld Metona peuieHus: ypaBHenuid Ilennese |-VI. Tpyanocts
ATOM 3a/la4d B TOM, YTO PEUICHUS MOTYT UMETh MOJBIKHBIC TOJIOCA, & YPABHEHUS HMMEIOT
0COOEHHOCTh B TOYKaX, I/Ie PEIICHUS MPUHUMAIOT HEKOTOpHIE 3HaYeHHs. MeToa OCHOBaH
Ha Tepexoie K OKBHUBAJCHTHBIM cucTeMaM auddepeHnranbHbIX ypaBHEHUH 0e3
0COOEHHOCTEH B YKa3aHHBIX TOUKAX M UX OKPECTHOCTSIX.

A numerical method for solving the I-VI Painleve equations is proposed. The
difficulty of this problem is that the unknown functions can have the movable poles, and
the equations have singularities at the points where the solutions take some values. The
method is based on the transition to auxiliary systems of differential equations having no
singularities at the indicating points and their neighborhoods.
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Tpancuennentsl  IleHsieBe  UrparOT BaXXHYI0 pPOJIb B HEJIMHEMHOMN
MaTeMaTUYecKoll (u3MKe, Kak, Hampumep, ¢QyHKIuM beccenss B JMHEHWHBIX
¢usnueckux 3anayax ([1]). B pabore paccmaTpuBaeTcs 4MCIECHHBIA METOJ PEIICHUS
3agaun Komw s Beex ypaBHeHu#l [lennese |-VI. TpyaHoCcTh cOCTOUT B TOM, UTO
pELIEeHUs] MOTYT UMETh MOJBUKHBIE 0COOBIE TOUKU THUIIA MOJIOCA, & CAMU YPaBHEHUS
HUMEIOT 0COOEHHOCTh B TOUYKAX, I/I€ PELICHHs] IPUHUMAIOT HEKOTOPbIE 3HaUY€HuUs (Bce
TaKMe TOYKHM Ha3BaHbl KpuTuueckumu). Bcero mis 6 ypaBHeHuii umeercs 23 Bujaa
KpUTUYECKUX TOoYeK. [lojoKeHHe KpUTHYECKMX TOYEK 3aBUCHT OT PEILICHUS H
3apaHee HeW3BECTHO. B mporecce pemieHusi TpeOyercs OOHAPYKUTh KPUTHUECKYIO
TOYKY, YHCJIICHHO HalTH €€ MOJIO)KEHHE, MPOMTU Yepe3 Hee U IMOIYYUTh yA00HOE
MPEJICTABIICHUE PEIICHUS B €€ OKpPeCTHOCTH. lIpennmaraemslii MeTOH, HA3BaHHBIN
HaMU MemoO0OoM NOCAe008AMENbHO2O UCKTIOYEHUS 0COOeHHOCMU, TIO3BOJISET PELIUTh
3Ty 3aJ1ayy KOPPEKTHOI'O NPOXOKIEHUS Yepe3 KPUTHUECKYI0 TOUKy. OCHOBa MeTo/a
COCTOMUT B IEPEXO/I€ K SKBUBAICHTHOW AU(PepeHLnaIbHOl cUcTeMe, YPaBHEHUS U
pelIeHusT KOTOpPOW HE HMMEIOT OCOOEHHOCTEH B COOTBETCTBYIOLIEH KPUTHUYECKOM
TOYKE U €€ OKPECTHOCTH.

Wnero 1nosiydeHUs BCIOMOTraTENbHBIX YPAaBHEHHWM W3JIOKUM Ha IpUMeEpe
nojroca 2-ro nopsaka. Jns ucxomuow ¢yHkiuu Y(X) B OKPECTHOCTH TOJIOCA X,

BeogsaTc dynkmuun U(X)=Y(X)/y'(X) u v(X)=(y'(X))*/ y*(X). Jus HEX HMeeT
mecto:  U(X)=0,u'(x)=#0,v.=v(x)#0. HWcxomHoe ypaBHEHHWE HPUBOJUTCSA K
CUCTEME u'=g(x,u,v), uv'=h(x,u,v), rme mpaBble YaCTH — AHATUTHYCCKHC
GbyHKIMU B oKpecTHOCTH ToukHu (X.,0,Vv.). Ecimm h(X,0,v) =0, To Bropoe ypaBHCHHE

umeer Bug V'=h(X,U,V) u cucrema 0coGeHHOCTH He nmeet. Eciy 9To He Tak, To U3
cootHomenuss  h(x,0,v)=0 mHnaxomutcs V=V.(X), tae V.(X) aHaguTHUYECKas
¢byHkuus. B cuily mpuBENEHHBIX COOTHOIICHHH B OKPECTHOCTH X, MMEET MECTO
npencrasienne V(X) =V, (X) +u(x)z,(x), z,(x) amamuruueckas. s pynkmumid u(X),
z,(X)momy4aetcs cucrema U'=g, (X,U,z), uz,'=h(X,u,z), nogobHas npensiaymeH,
U s Hee Tmpolecc mpeoOpazoBaHusi mMoBTopsiercs. OkasbplBaeTcsi, Uid BCEX
ypaBHeHH! [IeHiIeBe M BCEX THITOB KPHUTUYECKUX TOUEK OSKBUBAJICHTHBIC CHCTEMBI
ypaBHeHU# 0e3 ocoOeHHOcTel (Bcero 23 BUaa) MOJYYAOTCS 32 KOHEYHOE YHCIIO
(makcumyM 6) Takux 1maroB (cm. [2-7]). Kpome Toro, u3 monxydeHHBIX ypaBHEHUN
creaytoT 3(GQEeKTUBHBIE KPUTEPUU IepexoJa K BCIOMOTATENbHBIM CHUCTEMaM U
oOpaTHO. B pe3ynbTaTe, YMCIEHHBIM METOJ MPEACTaBIseT co0O0il CBOEOOpa3HYyIO
«CXEMY CKBO3HOT'O CUETa», MO3BOJISIS MPOXOIUTh Yepe3 JIF0ObIe KPUTUICCKUE TOYKH.
[TonoxxeHne 3TUX TOYEK, B Cuiy ycinoBud U(X } U' K A , HaXomuTcs

YHCJACHHO YCTONHYNMBO. D(PPEKTHBHOCTH METOJAa MOATBEPKICHA MHOTOYHCICHHBIMU
pacuetamu (cM. Tpaduku B [2-7]).
Pabota momnepxana PODU (rpant Ne 11-01-00219).
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MAPAJLIEJBHBINA AJITOPTUTM MATPUYHOM ITPOIOHKHU
JJIAA PEHHEHUA CUCTEM YPABHEHHUUA
C BJIOYHO-ITATUANAT' OHAJIBHBIMU MATPUIIAMUA

E.H. AkumoBa

Hncmumym mamemamuru u mexanuku ¥YpO PAH — Examepunoype, Poccus,
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[TocTpoeH mapamienbHbId aNrOPUTM MATPUYHOW IMPOTOHKU JUISI PELICHUS CUCTEM
YpaBHEHH C OJOYHO-MATHAMATOHATBHBIMU MaTpuiiamu kodduruentoB. Jlokazana
TeopeMa O BBIIOJIHCHUHM TPHUHIMIA CYNEPIIO3UIIMKA JUISI HMCKOMBIX HEW3BECTHBIX IpPHU
pEIIeHnH 3a/1a4¥ B TIOJI00JACTIX, HA KOTOpPhIe pa30uBaeTcs UCXOqHAsT 00JIacTh.

To solve linear systems of equations with block-fivediagonal matrices, a direct
parallel matrix sweep algorithm is constructed. For the problem in subdomains into which
the initial domain is partitioned, the theorem about the superposition principle for required
unknown vectors is proved.

B pab6ote [1] mnpennoxkeH u 000CHOBAH MapauIeIbHbBIN aITOPUTM MAaTPUIHON
MPOTOHKK JIJISl PEIICHHs] CUCTEM YpaBHEHUH C OJIOYHO-TpeXAUaroHajIbHbIMU
Marpuiiamu koddduimentToB. B nanHoil paboTe MoCTpoeH napasuieIbHbIA alTOpPUTM
MaTpU4YHOM  MPOTOHKH  JJI  pEeUleHuss CUCTeM  ypaBHEHUH ¢  OJOYHO-
MATUIMATOHAIBHBIMU MaTpuliaMi Ko3(h@uiimeHToB. Takue CUCTEMbl BOSHUKAIOT MIPU
KOHEYHO-PA3HOCTHOM aNMpOKCUMALIMM TPEXMEPHBIX KPaeBbIX 3a7ady, B YACTHOCTH,
IpU PEHICHUH TPEXMEPHOM 3adaud 3JIEKTpopa3BeAkd (OOKOBOTO KapOTa)KHOTO
30H/IMPOBAHMUS).

PaccmoTpum cucTEMyY BEKTOPHBIX YPaBHEHUMN
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Byaem npenmnonarate, 4T0 UCX0HAs 00nacTh P, rae paccMarpuBaercs KpaeBas
3ajavya, MPEACTaBIsET CO0O0W MPAMOYroibHUK. [Ipu mocTpoeHuu mnapamieabHOTOo
aNropuT™Ma MCXOAHYI0 obyacth P pazobObeM Ha L mepecekaromuxcsi momo0iIacTei,
ompenenseMbix uHTepBamamu  (K.K+M) wu (K+1,K+M+1), K=0,M,...,N-M,
BEPTUKAJIbHBIMU JTUHUAMU Tak, 4To N+1=L- M+1 (puc.1).
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.
-
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Puc. 1. Pa3ouenne ucxonnoii oonactu P Ha L momoOiacreit

B kadecTBe mapaMeTpUUECKUX HEM3BECTHBIX BBIOEPEM HEU3BECTHBIE BEKTOPBI
Ha rpanunax nogo6mnacteit Y, Y., K=0,M,..., cBa3biBatoliie HEU3BECTHBIE HA

ceTke Mo BepTUKaIM. OTHOCHTENBHO MapaMETPUUECKUX HEU3BECTHBIX Y, Y, 4

cTpouTcsi penynupoBaHHas cucrema ypaBHenuit (PCLl), wumeromass MEHbBIIYIO
pasMepHOCTh Mo cpaBHeHHIO c¢ ucxomHoil. PCIl mpexacrtaBnsier coboil cuctemy
BEKTOPHBIX YPaBHEHUN € OJIOYHO-CEMHIMArOHAIBHOW MaTpuled Ko3(hUIeHToB, B
KaXKJI0M CTpOKE KOTOPOW OJMH U3 CEMHU DJIEMEHTOB, HaxoAsuics 1100 cieBa, 1ubo
CIIpaBa OT IIABHOU JAMArOHalIH, SIBJISIETCS HYJIEBBIM.

PCI] moxeTr ObITh perieHa METOAOM MATPUYHON MPOTOHKH ISl PErICHUS
CUCTEM YpaBHEHHUU C OJOYHO-CEMHUIMArOHATBHBIMU MaTpuiiamu. Gopmyssl MeToIa
BBIBOJISITCS aHAJIOTMYHO (PopMysiaM MeEToJla MATPUYHON TMPOTOHKH ISl PEIICHUS
CUCTEM YpaBHEHHM C OJIOYHO-TPEXIMAarOHAILHBIMU MaTpHIamMu [2].

JlokazaHo, 4TO JJiS MCKOMBIX HEM3BECTHHIX B L 1momo0macTsX BBIMOTHSETCS
npuHUun cyneprno3unuu. Ilociie HaxoXkaAeHUsT BEKTOPOB-MAPAMETPOB MO MPUHIUITY
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CYNEpPIO3ULIMA  OCTAJIbHBIE  HCKOMBIE  HEHU3BECTHBIE  BBIPAKAIOTCA  4Yepe3
napaMeTpUUecKUe U HaXOAATCA B KaKI0W nonodaactu L HesaBucumo.
[TapannenpHplii  aJrOpUTM MaTPUYHOM MPOTOHKH Ul PELICHHUS CHCTEM

YpaBHEHUH € OJOYHO-IATUAMATOHATIBHBIMU MaTpULAMU MOKET OBITh 3(PPEKTUBHO
peaii30BaH HAa MHOTOIPOLIECCOPHBIX CHCTEMAax C pacHpelesIeHHON NaMsThio C
YHCIIOM IpoueccopoB L, paBHBIM unciay mogoOiacTeld, a TakkKe Ha MHOTOSIEPHOM
IpoLECCOPE U FpapUUECKUX Mpoleccopax (BUAECOKAPTAX).

Pabota Beinonnena npu noaaepxkke YpO PAH no nporpamme IIpesnpuyma PAH
(mpoexT 12-11-01-1023) u npu nogaepxke PODU (mpoexr12-01-00106-a).

Cnucok aumepamypbi.:
1. Axumona E.H. PacmapamienuBanne anroputMa MaTpUIHON TIPOTOHKH //
Marematnueckoe moaenupoBanue. 1994. T. 6. Ne 9. C. 61-67.
2. Camapckuii A.A., HukonaeB E.C. MeToapl pellleHHs] CETOYHBIX ypaBHEHHM. M.:
Hayka, 1978.

YUCJIEHHOE UCCJIEAOBAHHUE CBOBOJHBIX
KOJIEBAHUI MEMBPAHBI

C. /1. Anra3un

Deodepanvroe 2ocyoapcmeeHHoe O100XHcemHoe yupercoeHue HayKu
Hncemumym npobaem mexanuku um. A. FO. Hwnuncrkozo, Mockea, Poccus,
algazinsd@mail.ru

PaccmarpuBatorcs  3amaum 0 CBOOOJHBIX — KOJIEOAHUSX  MPSMOYTOJILHOMN
HEOJIHOPOJHOW MeMOpaHbl, MeMOpaHbl L-006pa3Hoii hopmbl, MeMOpaHbl, KOHTYpP KOTOPOW
nmoJiydaercss KOH(QOPMHBIM OTOOpakeHHMEM KBajparta. [ Ha3BaHHBIX 3a7a4 MOCTPOCHBI
YHUCIICHHBIC aJTOPUTMBI 0O€3 HachImeHUs. [IpOBOIUTCS CpaBHCHHE C pe3yJIbTaTaMH,
OITyOJINKOBAaHHBIMU B JTUTEPATYPE.

Problems about the free oscillations of a rectangular no uniform membrane, a
membrane of the L-shaped shape, a membrane which contours is gained by a quadrate
conformal representation are considered. For the termed problems numerical algorithms
without saturation are constructed. Comparison with the effects published in the literature is
spent.

BBenenue. B [1] ommcana MeToaWKa YHCICHHOTO pEIICHUS 3aJayd Ha
coOCTBeHHBIC 3HAUCHHUs s omeparopa Jlarumaca. DTu pe3yiabTaThl OCHOBAaHBI Ha
unesx K. W. babdenko [2]. [lepByto myOnukamuio aBTopa Ha 3Ty Temy cMm. B [3].
[Iporpammer onyOnukoBansl B [4]. Hecmorps Ha 5Tu myOnukamuu Ha 3amaje
PETYJPHO TMOABJIIFOTCA CTATbU O BbBIYHUCICHHU COOCTBEHHBIX YHCEN orcparopa
Jlanmaca (cBoOOnHBIE KoJeOaHus MemOpanbl). Hacrosimas pabota mocBsIeHa
aHaJM3y ATUX MyOJIMKAIUM U CPaBHEHUIO C pe3yJibTaTaMu aBToOpa.

1. JiIBymepHoe ypaBHenue Jlaniiaca B npsiMOyroJibHUKe.

PaccmoTpum 3a1auy Ha COOCTBEHHBIC 3HAUCHUS:
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Au+Apu=0, u=u(x,y),p = p(x,y) 2 0;(x,y) e I{[0,a] x[0,b]},

NN
u‘arzo'
o’u o4
—+—+Ao(X,Y)Uu=0, u=u(x,y).
o o o(X,Y) (X,Y)

Juckpetuzanus kpaeBoi 3agauu (1.1) onucana B [1]. B pe3ynbraTe nomydyaem
JMCKPETHYIO 3ajlauy B BUJIE:
(O,®I1, +1,®D,)i=ARU0, rme m — 9nuciio y310B AUCKPETH3AMH 1O X, N — YHCIIO

d?u
y3JI0B JUCKpeTH3anuu mo Y. D; — Marpuia JUCKpPEeTHOro oreparopa : - o
X
_ d’u o
pasmepa mxm,; D, — Marpuma AMCKPETHOrO omeparopa : - ¥ pasmepa nxn; 0 -

BekTOp JUMHBL N=M-N, conepxamuii NPUOTMKEHHBIE 3HAYEHUS COOCTBEHHOM

¢byHkmun U=U(X,y) B y3JIax CeTKH, A- NpHOIMKEHHOE COOCTBEHHOE 3HaueHHe, R -
JMaroHalbHas MAaTPHIA, COJCpIKAIllasi Ha JUAroHa M 3HaUYCHUS (QYHKIMH p=p(X,Y)B
y3nax cetk. [lo x u Yy BeIOMpaeTcsi ceTKa Mo Hy/IsIM MHorowieHa YeOwIeBa, ® -
3HaK KPOHEKEPOBCKOIro mnpowsBeneHus marpui; |, | - eJuHWYHBIE MAaTpHLEBI
pasMepa Mxm u NXN cooTBeTcTBeHHO. Matpuisl D; u D, — cTpositcss mporpamMmmoit
IU1s penieHust ogHoMepHoi 3anauu L rypma-Jlnysumns [1].

[Ipu p=1, coOcTBeHHble 3HaueHUs KpaeBou 3amaud (1.1) u3BecTHBHI B

AHAJINTHYCCKOM BHUAC!:

2 b2

2 2
zzznz(r—ﬁ’—}, rs=123...

PesynbTaThl pacuéToB npuBeacHsbI B [5].

Cnucox numepamypul:

Anrasus C. /. UnciieHHbIE aJITOPUTMBI KJIACCHYECKON MaTeMaTHYEeCKON (DU3HKHU.

— M.: Inanor-MU®U, 201 0. — 240 c.

2. babenko K. U. OcHoBbl uncinenHoro ananm3a. M.: Hayka, 1986. 744 c.; N3nanue
BTOPOE, HUCIPABIEHHOE U JOINOJHEHHOE, oA penakuuend A. JI. bprono. Mocksa-
Moxesck, PX]I, 2002. 847 c.

. Anrasun C. JI., babenko K. U., Kocopykop A. JI. O 4yucieHHOM pEeIICHUH 3a1a4u
Ha coOocTBeHHbIe 3HaUeHus. M., 1975. 57 c. ( IIpenp. UTIM; Ne 108).

4. BepruucieHue cOOCTBEHHBIX YUCET U COOCTBEHHBIX (PyHKIIMM onepaTopa Jlamaca
(Lap123) / CBUAETEJIbBCTBO o0 rocymapcTBEeHHON PErHCTpaI[K MPOTrPaMMbI
mir OBM Ne 2012617739. Astop Anrasun Cepreit JImutpuenu (RU).
3apeructpupoBana B Peectpe nporpamm ans 9BM 27 asrycra 2012 r., 18 c.

5. Amrazun C. JI.. YucneHHble anroput™mbl Kiaccudeckod wmardusukum. XL.
UucnenHnoe ucciaeaoBaHue cBOOOTHBIX KoyeOanuit MmemOpanbl. M., 2013. 48 c.
(ITpenp. UITMex; Ne 1041).
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BUKOMITAKTHBIE CXEMBI JJIsSI PEHIEHUASA JTUHEWMHOI'O
HEOJHOPOJHOI'O YPABHEHUSA IIEPEHOCA

E.H. Apucrosa’, C.B. MapTBIHCHKOZ, B.B. Poros®

YUTIM um. M.B.Kenowvuua, MOTH
aristovaen@mail.ru
MOTH,
martinenko_sv@mail.ru
SUTIM um. M.B.Kenowviua, MOTH,

rogov@post.ru

B pabote npeacraBiieHO pa3BUTHE OMKOMIIAKTHBIX CXEM, MIPEIJIOKEHHBIX paHee Il
CHUCTEM YpaBHEHUN B YAaCTHBIX IPOU3BOJHBIX TUMEPOOIMYECKOTO THUMA, HJS PEIICHUs
YpaBHEHMs TepeHoca H3AydeHUs uiau yacTul. Cxema o0J1ajaeT YETBEPTHIM MOPSAKOM
annpoKCUMAllMM 10 TMPOCTPAHCTBY M TPETbUM IO BpeMEHU. PaccMOTpeHbl cnocoObl
AIMpOKCUMAIIMHU CTallMOHAPHBIX 3a/1a4.

Development of bicompact schemes, which earlier have been suggested for solving
hyperbolic systems of equation in partial derivatives, for solving particle or radiation
transport equation has been done. The scheme has fourth order of approximation in space
variables and third in time. The different approaches to solving stable equations have been
investigated.

JluHeliHOE HEOJHOPOJHOE YpaBHEHHWE IIEPEHOCAa OMMUCBHIBAET IEPEHOC
HEMOJISIPU30BAaHHOTO HM3JIYyUYEeHHUs WIM HEWTpoHOB B cpene [1]. KoncepBaTUBHOCTH
Pa3HOCTHOM CXEMbI B 3TOM CIIy4ae SIBISETCS Ba)KHBIM CBOMCTBOM, OTPAKAKOIIUM
(bu3MYeCKU 3aKOH COXPAaHEHHWs Ha pPa3HOCTHOM YypoBHe. He wmenee BaxHO
MCIIOJIB30BATh ANMMPOKCUMAIIMI0 HAa MHUHUMAJIHHOM II1a0JIOHE H3-3a MPHUCYTCTBHUS
KOHTAKTHBIX pPa3pbIBOB, BECbMa XapaKTEPHBIX MJIs 3a/lady MEepeHOca U3TyUYCHUS WIH
yacTull. B KOHCEpBaTMBHO-XapaKTEPUCTUUECKUX METOJaX OOBIYHO KOMIIAKTHAas
amnmpoKCUMAIMs CTPOUTCS C UCIIOJIb30BAaHUEM IOTOKOB IO TPaHSIM pacyeTHOM
auelikn [2]. HekoppekTHoe mepepacnpenesieHne MO TPaHsIM BBIXOIAIINX MOTOKOB
MPUBOJUT K 3HAYUTEIbHBIM OIIMOKAM B 3ajjayax C TeTEPOre€HHBIMU CpelaMH WU
COCPENOTOYEHHBIMA UCTOYHUKAMH [3].

CemelCcTBO KOMITAKTHBIX CXEM JJI PEIICHHS JUHEWHOTO YPaBHEHHUS IEPEHOCA,
MIOCTPOCHHBIX HA OCHOBE METOJIa MPSIMBIX U HUHTErPO-UHTEPIOISAIUOHHOTO METO/Ia,
OBLIIO Tpe/UIokKEHO B [4]. DTU CXEMBI UCHOJB3YIOT PACIIMPEHUE CIUCKA MCKOMBIX
BEJIMYMH, BKJIIOYasl HApPSAY C Y3JOBBIMU 3HAUYEHUSIMH HMHTETPAJIbHBIE CPEAHUE IO
CETOYHOM SYEHKE WM 3HA4eHUs B MOJYyLEIbIX Y3JIaX B Cly4ae OJHOU
MNPOCTPAHCTBEHHOW MEpPEMEHHOM. Pa3BuTre Metona st MHOTOMEPHBIX T€OMETPUN U
CUCTEM THUINEPOOIMYECKUX YPAaBHEHHM MPEJCTABICHO B [5-6]. DTH cxembl 00s1agatoT
YETBEPTHIM TOPSAKOM aIMPOKCUMAILUM IO TPOCTPAHCTBEHHBIM IEPEMEHHBIM U
TpeTbuM 10 BpeMeHUu. OHM aOCOJIIOTHO YCTOMYMBBI, MOHOTOHHBI, PEaTU3YyIOTCS
METOJIOM OEryIero cuera.
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B nanHoit paboTe mpencTaBieHo MPUMEHEHHUE ATUX CXEeM JIJIsi HEOJHOPOIHOTO
ypaBHEeHUs1 mepeHoca. Ilpm  mocTpoeHWHM ~ OMKOMMAKTHBIX  CXEMBI  JUIs
HECTAIIMOHAPHOTO YPaBHEHHMsI TIEPEHOCA B CIIy4ae OJHOW U JABYX MPOCTPAHCTBEHHBIX
MEPEMEHHBIX TaK)KE€ HCIOIB3YEeTCsl PACIIUPEHHBIA CIIMCOK HMCKOMBIX BEIHUYHH.
[IpennoxkeHna QaxTopuzoBaHHas cxeMma [JIs pEIICHWS YypaBHEHHUs TIepeHoca B
JIBYMEPHOM IMJIOCKOH T€OMETPUH, B KOTOPOW CITUCOK MCKOMBIX (DYHKITUH YBEITUYCH JI0
qyeTbipex. [l MHTErpupoBaHUs MO BPEMEHH HCIOJIB3YIOTCS CXEMBl U3 CEMEWCTBa
JMaroHaJbHO-HESIBHBIX METOJI0B PyHTe-KyTThI TpeThero mopsaka anmpoKCUMaIliH, a
Takke cxeMbl Po3eHOpoka ¢ komrmiekcHbiMH — Kodddummentamu  CROS.
PaccmoTpensl pa3nmuyHbie BapHaHTBI CXEMBI JUIsl CTAIlMOHAPHOTO HEOIHOPOIHOTO
ypaBHEHUsI TiepeHoca. B 3amadax ¢ TOCTOSHHBIM KOA((DHUIIMEHTOM MOTIIOMICHHS
3G (PEKTUBHBIA TOPSIOK CXOAMMOCTH Ha TJHAJAKUX PEIICHUAX COBMAIACT C
TEOPETHUECKUM W paBeH TpeM. [IpemiokeH peryispu3aTop penieHUs Ha OCHOBE
ucnosb3oBanus cxembl CROS ni1s1 3a/1a4 ¢ CyIIeCTBEHHBIM TOTIOIICHUEM.

PaGota BeimosHeHa npu (puHaHCOBOM mojaepxke rpanta [IpaBurensctBa PO
no mnoctaHoBiaeHW0 N 220 "O Mepax NHO MNPUBICUCHHIO BEIYIIUX YYEHBIX B
poccuiickue  00pa3oBaTebHBIC  YUPEKIEHUS  BBICIIETO  MpO(EecCHOHATHLHOTO
oOpazoBanuss" 1o jgoroBopy Ne 11.G34.31.0072, 3aKiIIOYEHHOTO MEXIY
MunucrepcTBOM 00pa3oBanHuss U Hayku P®, BeaymuMm yd€HbIM U MOCKOBCKHM
(DU3UKO-TEXHUUYECKUM HHCTUTYTOM (TOCYJapCTBEHHBIM YHUBEPCUTETOM), a TaKXKe
rpanta PODOU Ne 11-01-00389a.

Cnucox rumepamypol:
1. YerBepymikun b.H.. Maremarnueckoe MOJEIMpPOBaHUE 3a7ady JIUHAMHKHU
m3nyyvarouero raza. M.: Hayka, 1985. 304c.
Baydin D.F., Aristova E.N., Gol’din V.Ya. // TTSP. 2008. v.37. Ne02-04. P. 286-
306.
Huxkonaesa O.B. // JKBM u M®. 2004. T. 44. Ne 5. C. 883-9083.
Porog b.B., Muxaitnosckas M.H. // JIAH. 2011. T.436, Ne5. C.600-605.
Muxaiinockas M.H., Poros b.B. // MM. 2011, 1.23, Nel0, ¢.107-116.
Muxaiinockas M.H., Poros b.B. // )KBM u M®. 2012. T.52. Ne4. C.672-695.
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CETOYHBIE METO/bI PEHHIEHUS BAPUALITMOHHbBIX HEPABEHCTB
C OIIEPATOPAMU MOHOTOHHOTI O THUITA

n.b. BaIlpI/IeBl

' Kasanckuii (Tlpusonsrcckutl) pedepanvhuwlii yusepcumen,
ildar.badriev@ksu.ru

PaccmaTtpuBaroTcsi CMEIIaHHOE BapUAalMOHHOE HEPABEHCTBO C  ONEPAaTOPOM
MOHOTOHHOTO THUIIa B 0aHaXOBbIX M TWJIBOEPTOBBIX MpOCTpaHCTBax. i UX pelieHus
IIPENJIOKEHBl CETOYHBIE METOJbl, OCHOBAaHHBIE HA KOHEYHOMEPHBIX aNIPOKCHMALMIX
BAapUALIMOHHBIX HEpaBeHCTB. JlI1 peleHus CETOYHBIX BapUALMOHHBIX HEPABEHCTB
IIOCTPOEHBI UTEPALMOHHBIE METOJIBI M UCCIIEIOBAHA UX CXOAUMOCT.

Mixed variational inequalities with monotone-type operators in Banach and Hilbert
spaces are considered. To solve these variational inequalities mesh methods based on finite
dimensional approximation are suggested. For solving the mesh variational inequalities
iterative methods are developed and their convergence is investigated.

[TycTh Vv — GaHAXOBO MPOCTPAHCTBO C PABHOMEPHO BBHIMTYKJIBIM COMPSIKEHHBIM
V', M — BBIITYKJIO€ 3aMKHYyTO€ MHOXecTBO B V , f — 3amaHHbIld 31eMeHT U3 V °

<-,-> — OTHOIIECHHME JBOMCTBEHHOCTHM Mexay V u V . PaccmarpuBaeTrca 3ajaua

NouCKa dyeMeHTa U € M, SBISIOMIErocsl penieHneM CMENIAHHOTO BapHAMOHHOTO
HEepaBeHCTBA

<Au—f,77—u>+F(77)—F(u)20 VYneM, (1)

rae A:V -V — KO3PUUTHUBHBIN OlepaTOp MOHOTOHHOTO THUIIA (TICEBIOMOHOTOHHBIH
[1], MOHOTOHHBIi WIM CHIBHO MOHOTOHHBIH), F:V —R' — BeImIyKIBIH,
COOCTBEHHBIN,  HENMPEpPBIBHBINA,  BoOOImIE  roBOps,  HeauddepeHIupyembiii
¢bynkuonan. Takue BapHalMOHHBIE HEPABEHCTBA BO3HUKAIOT, HAMpHUMEp, NpU
MaTEMaTHYeCKOM OIMMCAaHUHM TPOILECCOB MOA3EMHONW (UIBTPAIIUU HECKUMACMOU
KUIKOCTH [2], mpu pemieHuH 3afgady o0 OMNpeAeieHUU TpaHUll MpeaeTbHO-
PAaBHOBECHBIX LEJIMKOB OCTATOYHOW BA3KO-TUIACTHUECKOW He(dTH [3], mpu peumieHuu
3a7a4 00 OMpeACICHUH MOJIOKEHUSI PABHOBECUSI MATKUX CETUYaThIX 000Jiouek [4] u
T.4. [Ipu yka3aHHBIX BBIIIE OTPAaHUYCHHUIX Ha OMepaTop A W (YHKIMOHAN F 3a7ada
(1) umeeT no kpaitHelr Mepe oaHO pemienue [1].

[Iycte {V,},.,— HEKOTOpOe CeMeHCTBO TPOCTPAaHCTB, TIjAe mapamerp h
CTpEMUTCSl K Hymo, Takoe, uto V, <V . IlycTb 3amaHbl JIMHEHHBIE ONEPATOPSI
I:V —V, (oneparops! cyxenus uz V Ha V,). IIpu 3tom mnpenmnosaraem, uTo
cemeiictBo {V, }, ammpokcumupyer V , T.e. lim._ || rn7—7|\,=0 mwis moboro neV .
Hnst kaxgoro h  paccmoTpum  BBIyKIO€ 3aMKHyTOe MHOXecTBo M, <V, ,
anmpokcumupytomee M, T.e., Bo-mepBbIX, g jrob6oro 7€M  MOXHO HalTH
sneMeHT 73, € M, takoii uro, lim, ,||7, —7|\,=0, u Bo-BTOpHIX, €ct 77, € M, , 7,
cxomutcsi kK 1 cmabo BV mpu h—0, to neM. 3amaue (1) mocraBum B
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COOTBETCTBUE CEMEWCTBO ANIPOKCUMUPYIOIIMX 33434 IOUCKA JJIEMEHTOB U, € M,
TaKHX, 4TO
<Auh_f’77h_uh>+F(77h)_F(uh)20 V1, eM,. (2)
Teopema 1. 3anava (2) umeem nenycmoe, 8bINYKIO€ U 3AMKHYMOE MHONCECEO
peuwtenuti, muodxcecmeo {U, }, , pewenuil 3a0ayu (2) paBHOMEPHO OrpaHUYeHO 10 N

lu, lly < C, eoe koncmanma ¢ >0 ne 3asucum om h. Eciu noonociedosamensHocme
{u, ¥, crabo cxooumesk U 6V npu h, —0, mo U~ — pewenue 3adauu (1).
I

Jns pemienuss 3agaud (2) MOXHO HCIOJIB30BaTh MPEIJIOKEHHBI B [5]
UTEPALIMOHHBI  METOJl, KaXIbId IIar KOTOPOro CBOAUTCS K  PEHICHUIO
BapUAIMOHHOTO HEPABEHCTBA C OIEPATOPOM JIBOMCTBEHHOCTH.

Pabora nmogaepxkana PO®OU (rpanter Ne 11-01-00667-a, 12-01-00955-a, 12-
01-97022-p moBomKbE a).

Cnucox rumepamypol:
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Ne 1. - C. 45-52.
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JIOKAJIBHO-OJHOMEPHBIE CXEMbI
JJIA YPABHEHUSA JIU®DY3UU JTPOBHOI'O ITIOPAIKA

A.K. Bazzaes’, M.X. IJ_IXaHyKoB—JIaumeeB2

LCesepo-Ocemuncruii 2ocydapemeennuiii ynusepcumem um. K.JI. Xemazyposa —
Braouxaesxas, Poccus,
alexander.bazzaev@gmail.com
?Kabapouno-Bankapckuii 2ocydapemeentuiii ynugepcumem um.X.M.Bepbexosa —
Hanvuuk, Poccus,
lafishev@yandex.ru

PaccMOTpeHbl  JTOKaJbHO-OJJHOMEPHBIE  PAa3HOCTHBIE CXEMbI I YpaBHEHUS
muddy3un ApoOHOTO TOpsAKa C KPaeBbIMU YCIOBUSMU TpPEThero poja. JlokazaHsl
YCTOMYHMBOCTH M CXOJUMOCTD JIOKaJIbHO-OTHOMEPHBIX CXEM JUIsl paccMaTpUBAaEMOM 3a/1auu.

For a fractional diffusion equation with Robin boundary conditions, locally one-
dimensional difference schemes are considered and their stability and convergence are
proved.
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Jlns  1mporHo3a paaualMOHHBIX TOBPEXKICHHM B MHOTOCIOMHBIX CTPYKTypax
pa3paboTaH METOJ CTOXaCTHMYECKOI'O AaHaJora peuleHHs KHUHETHMYECKUX YpaBHEHMM
Konmoroposa-®enepa u DiitHmTeiiHa-CMOTYyXOBCKOIO, OMUCHIBAIOUINX (IIYKTYalOHHYIO
craguio (a3oBoro mepexona l-ro poma, Mojenb 0Opa30BaHUS MOPUCTOCTH Ba)KHA MpPHU
MOIM(UKALMU CBOWCTB MaTepPHAJIOB.

The stochastic analog method for solutions of Kolmogorov—Feller and Einstein—

Smoluchowski kinetic equations is used for prediction of radiation damage in multilayer
structures. Kolmogorov—Feller and Einstein—Smoluchowski equations describe fluctuation
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stage of first-order phase transition. The model of porosity formation is important for
modification of materials properties.

MeTo CTOXaCTUYECKOTO aHAJIOra OCHOBAH HA TEOPEMAax, COIIaCHO KOTOPBIM
KMHETUYECKUE YPaBHEHUS B YACTHBIX MPOU3BOAHBIX MMapabOIMUYECKOTO THIIA
OJTHO3HAYHO CBSI3aHBI CO CTOXaCTHMYECKUMHU Au(epeHlnaIbHbIMU ypaBHEHUSIMU
/CAY/ WTt0, a MIOTHOCTh NEPEXOJHOW BEPOSTHOCTH MApPKOBCKOTO CIy4alHOTO
npouecca (MII), ssmsaromerocs pemennem CJY Wro, uHTepnperupyercs Kak
bynkuus pacnpenenenuss /OP/, Bxondias B COOTBETCTBYIOIIEE KHHETHYECKOE
ypaBHeHue [1]. @DyHKUHOHAT-KOdPIUIMEHTAMU KUHETUYECKHX  ypaBHEHH
ABJISIIOTCS. TEPMOJMHAMUYECKHI moTeHnman ['mbbca oOpasoBanus 3apoppima [3]
(azoBoro nepexoa, B TOM YUCJIE U JJIsi BAKAHCHOHHO-TA30BBIX MOP B Marepuaie [4],
a Takke auddy3us B MPOCTPAHCTBE pa3MepoB 3apoabiiied u auddys3us B
KPUCTAILIMYECKUX penieTkax cioeB. DyHKIMOHAT-KOAPPUIUEHTAMU SIBISIOTCA U
MOTEHIMANIbl KOCBEHHOTO YIPYTroro B3aWMMOJEHCTBUSA 3apOJbIIIed B  CIOfAX.
B3auMozeiicTBue 3apoipllieil MNpPOUCXOJUT Yepe3 BO3MYIIECHHUE aKyCTHYECKUX
(hoHOHOB pemieTku AedeKTaMu BO BCEX CIOSAX W (PPUACIECBCKUX OCIWJUISALINI
IUIOTHOCTU DJJIEKTPOHOB B MeTaie. BpOYHOBCKOE JBHKEHHE pPaJHAllMOHHBIX
Ne(EKTOB B CIOSAX MPOUCXOAUT MO JSHCTBUEM AlIbHOJICUCTBYIONIUX CUII. Perenue
cucteM CJIY wMomenu ocymecTBisieTcss MOAUPUIMPOBAHHBIM HAa  CIIydaid
KBa3WIMHENHOCTH YPAaBHEHUN YCTOWYMBBIM YHUCJIEHHBIM METOAOM [2] BTOpOTO
NOpsAJIKa TOUHOCTH ¢ OECKOHEUHOM 00JIacThI0 YCTOWYMBOCTU (COTJIACHO BBEIECHHBIM
OTpe/ieNICHUsIM U TeopemaM [2]) Ha 3aJjaHHOU ceTKe BpeMeHH (0e3 orpaHMYeHHUs Ha
BEJIMYMHY IIara no BpemeHw). Ha kakaoM miare mo BpeMEHHU pellaeTcsl 3ajayda ¢
HAaYaJIbHBIMU YCJIOBUSIMU, KOTOPBIE€ MEPECUUTHIBAIOTCS B COOTBETCTBUU C (YHKIUEH
pacnpeziesieHust 3apojbliiell J1ePEeKTOB IO pa3MepaM U IOJOXKEHHI0 B CIOSX C
npenpiayiero mara. PacyeTrsl pasMepoB OCTPOBKOB HOBOHM (a3bl Ha MOBEPXHOCTU
KPUCTAJUIMYECKOW pemeTku [3], KOHAEHCAIlMM KJIacTepoB KapOuja KpeMHUS B
miazMe paspsaa [4] no3Bosaunu Haith @P 3apoasimeld  ¢$a3oBoro mnepexoja.
OOpa3oBaHue MOp B MaTepuajiax IoJ BO3JACHCTBHEM paWallMOHHBIX MOTOKOB [4-7]
MPEACTABISIET MHTEPEC M KAaK MPOLEcC Jerpajaldyd CBOMCTB B TEXHOJIOIMYECKHUX
3epKajlax M 3alllUTHBIX MOKPBITHIX, OOBEKTAaX KYyJbTYpPHOTO HACIEIMs, TaK U Kak
cnoco0 MOJy4YeHHUs HOBBIX MaTepHasioB [5,6]. Yder MrHOBEHHOW ympyroi
nepopmaruu  kpuctaummdeckor pemrerkn (Si, SIC, Mo wm gap.) 3apoasimiamu
chepuueckoil Gpopmbl 3a CUET CKAayKa JaBJIEHUS HA €ro IpaHule NMPOU3BOAUTCS IO
®P nedexroB B oOpasue [6,7]. M3yuenue mexanm3aMoB ¢Ha3oBOro mnepexoja Ha
HEPABHOBECHOM CTaguMU BAXXHO B MmarepuanioBereHun TP, snexrpopeakTHBHBIX
JBUTATEIE KOCMUYECKHMX allapaToB, a TakXe B CO3JaHUM IOPUCTHIX
MOJTYTPOBOJHUKOBBIX U TUAJIEKTPUUECKUX MaTEepUaoB [8].

PaGota wactuuno mommepkana mporpammoit OMH PAH 3.5 u rpantammu
PODU Ne 11-01-00282, Ne 12-01-00490).
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HOCTPOEHHUE TOJICTBIX IPUSMATUYECKHUX CETOYHBIX CJIOEB

OKOJIO TEJ CJIOXKHON ®OPMbI
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MeTonpl TEOpUM YHPYTOCTH C KOHEUHBIMH Je(OpMAIUMsSIMU HCIOIB3YIOTCS IS

MOCTPOEHUSI TOJICTOTO CETOYHOTO CJIOSI BOKPYr Tel CI0XHOH (opmbl. HawampHbiM
NpUOIMKEeHHEM SIBJISIETCS TOHKUM CHJIBHO CXaThld ClIOM  ympyroro warepuaia. B
pe3ynbTare ynpyrod pasrpy3Kd ClIOil MHOTOKpPAaTHO pacIIUpsieTcsl, 3aTeM HCIOJIb3yeTcs
BapUaLlMOHHO-MapILIEBbII METOJ 111 HOCTPOECHMSI OPTONOHAJIBHOM CETKH BHYTPH CJIOSI.
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Finite hyperelasticity methods are used to construct thick prismatic mesh layers
around complex bodies. A thin compressed elastic layer is chosen as initial guess. Elastic
springback leads to a controlled layer thickness enlargement. Then, the combination of a

variational method and marching technique is used for construction of orthogonal mesh
layers inside a wide elastic layer.

[TpennoxkeH BapHAMOHHBIA METOJ aBTOMATHYECKOTO IMOCTPOCHHUS TOJCTHIX
CETOYHBIX CJIOEB BOKPYT TeJl CI0XKHOU Gopmel. [Ipu 3TOM opma 1 TonmmHa CIIos He
JOJDKHA 3aBUCETh OT KadecTBa CETKM Ha IIOBEPXHOCTH Teja. HadaiabHBIM
MPUOIMIKEHUEM SBJISIETCSI TOHKHH CHJIBHO CXATBIM CIIOW YIPYroro MaTrepuaia
TOJINIIUHOW B OJIHY siuekKy ceTku. Bapmanmonusiit meton [1], [2] ucnons3yercs mist

MOJEIUPOBAHUs YIPYIrOM pasrpy3Kd OTOr0 Marepuasna. B pesynbrate cioun
MHOT'OKPATHO PaCIIUPSAETCS.

Puc.1.

Ha puc.] nokazaH mpumep Teia CpaBHHUTENBbHO cliokHOW (opmbel - BKA
IHAI'H, n nmoka3aHO Ce€YeHHE CII0s, TOJIIHMHA KOTOPOTO MPEBBIIIAET pa3Mep CEUEHUS
tena. llocime 3TOro uCHoNb3yercs alrOpuTM YAAJICHHS CaMOIIEpECEeYeHUM Ha
BHEIIHEN YacTU CJIOS. 3aTEM MCHOJIB3YETCS BapHUalMOHHO-MAapUIEBBIA METOI IS
IIOCTPOECHUSI OPTOTOHANIBHOM CETKH BHYTPHM CJIOS. Takas METOAMKA TapaHTHUPYET
HEBBIPOXKACHHOCTb CETOK HE3aBUCUMO OT TOJILIUHBI CJIOS.
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Puc.2.

IIpy >TOM cCeTKka C BBICOKOM TOYHOCTBIO OpPTOrOHAJbHA K TEIy U
YAOBJIETBOPSIET 3aJlaHHOMY 3aKkOHy crymenus. Ha pwc.2, cneBa, noxa3aH
MIPU3MATUYECKUI CETOYHBIM CJIOW ¢ opTtoroHanu3zauued. Ha pwuc.2, cnpasa,
MMOKA3aHbl  NPEABAPUTEIBHBIE  pPE3yJNbTaTbl [0 HWHTETPaldd  ITOCTPOEHHOTO
MPU3MATUYECKOTO CJIOSI C TETPadJpalibHOM CETKOM B fAJpe pacueTHOM o01acTH.
TerpaspanbHasi CE€TKa CTPOUTCA C UCIOJIBb30BAHUEM METOAUKHM [3]. g ynydiieHus
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KauyecTBa THOPUIHOW CETKHM HEOOXOJWM JOTIOJHUTENBHBIA 3Tal ONTHMU3AINH
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OB YCTOMYUBOCTHU HEJOKAJBHBIX PASBHOCTHBIX CXEM
B ITIOAITPOCTPAHCTBAX

A. B. I'ynun

Mockosckuii eocyoapcmeennulil yHugepcumem umenu M. B. Jlomonocosa
Gaxynvmem 8bIUCTUMENLHOU MAMEMAMUKYU U KUOEPHEeMUKU

PaccmarpuBaercss kpaeBas 3amada Uil ypaBHEHHsS  TEIUIONPOBOJHOCTH  C
HEJIOKAJbHBIMU TPAHUYHBIMH YCIOBUSAMH, coJaepxamumu mnapamerp » >1. Chektp
MPOCTPAHCTBEHHOTO UM PEPEeHIINATHLHOTO OlepaTopa COACPKUT COOCTBECHHBIC 3HAUCHHUS B
JEBOM  TONYIUIOCKOCTH, 4YTO  OOYCIIOBIMBAET  HEYCTOWYMBOCTH  3amauun.  Jlus
alMpOKCUMUPYIOIIMX  PAa3HOCTHBIX CXEM TIOJYYEH KPUTEPUHW  YCTOMYMBOCTH B
MOJMPOCTPAHCTBAX, NOPOKICHHBIX YCTOMYMBBIMU FaPMOHHUKAMM.

The boundary value problem for the heat-conduction equation is considered with
non-local boundary conditions containing the parameter » >1. The spectrum of the spatial

differential operator has some eigenvalues in the left half-plane, that causes instability of
the task. For the corresponding difference scheme the criterion is formulated of stability in
subspaces generated by stable harmonics.

PaccMOTpHUM Ha4YallbHO-KPAEBYIO 3a1a4y
u_2u o v won=0 yMon=Yay @
o o e A
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r7ie ¥ — 3aJaHHbIM BENIECTBEHHBIN napaMmerp. Pa3HocTHbIe cxembl aiis 3a1auu (1) ¢
y =1 wuccnenoBan H. V. Nonkun [1]. [logpoOHbIli 0030p pabOT, MOCBSIIECHHBIX
Pa3HOCTHBIM MeToJlaM perieHus 3amadnd (1) ¢ 7/6[—1, 1], npuBeneH B [2].
[IpuHIMOManpHOE OTAMYME OT ciaydas y =11 cocrour B TOM, YTO CHCTEMA
COOCTBEHHBIX (DYHKIIMII OCHOBHOTO Pa3HOCTHOTO Omeparopa MmpHu y # tlcocTaBiser
0a3uc B MPOCTPAHCTBE CETOYHBIX PyHKIMA. HeycToilunBbie pa3HOCTHBIE CXEMBI, IS
KOTOPBIX TOJIbBKO OJIHO COOCTBEHHOE€ 3HAYEHHWE pACIIONIOXKEHO B  JIEBOU
MOJIYIUIOCKOCTH, paccMarpuBayiuch B [3]. B HacTodleM AOKiIaae paccMaTpyuBaeTCA
BECh Juarna3oH 3HaueHud y >1. JlokazaH KpuUTepuUil YCTOWYMBOCTH PA3HOCTHOMN
CXEMbl B MOJINPOCTPAHCTBAX, MOPOKICHHBIX YCTOMYMBBIMU TapMOHUKAMMU.
Arnmpokcumupyem 3anady (1) AByXCIIOHHON pa3sHOCTHOM CXeMOH, ompesaensieMoi
napamerpamu: N — 4uciio Touek mo mpocrpanctBy, h=1/N wu 7— marm mo

MPOCTPAHCTBY U BPEMEHH, Kk=t/h? O—  BECOBOM  MHOXMTEIb,

a=ch(h|n(y+m)).

OcHOBHOM oriepatop A Pa3HOCTHOM CXE€MbI OINPEACIISAETCS KaK

(AY), =—Ypir 1=12,...,N-1, y,=0,
2
(AY)n :E(yx,N _Vyx,o)'

CoGcrennsbie 3Hauenus A, (k=0,1,...,N —1) omepatopa A pacroysoxuM B
MOpsIZIKE BO3pacTaHus AeicTBUTENbHON yacTu. Cumraem, uro N kpatHO 4. Benem
nBe cuctemsl umcenm:  z, ={sin*(zkh)}\’u a ={(1-2z)"'}s". Onpememum
komriekcHoe N - MepHOoe mpocTpaHcTBO H, cocrosmee u3 ¢ynkuuit Y, = y(X),
3aJaHHBIX Ha ceTke {X = ih}iNzl. Hapsny ¢ HOymem paccmaTpuBaTh
noanpoctpanctea  H,(a), mnpenacraBmsromme coboil  JMHEWHYI0  000JI0UKY

cooctBennprx  BektopoB  {uM (x)}.!, oTBewarommx COGCTBEHHBIM 3HAYEHHAM

A.onepatopa A.Uucno K,(N)~0.37N?°+0.83, ¢urypupyroniee B TeopeMe,
SIBJIICTCSI KOPHEM HEKOTOPOT0 TPAHCIICHICHTHOT'O YPABHECHHSI.
Teopema 1. IIycms a€(a,,,8,| ons k=12,...,N/4—1. Pasnocmuas cxema
yemouuuga 6 noonpocmpancmee H, (&) mozoa u monvko mozoa, koeoa
(20 -Dx+@1+a)" >0, ecmu k< [kO(N)] u
(20 -Dx + [1— a(l— sz)](a ~1+22,)7%>0, ecru k > [kO(N)] :

Cnucok numepamypol
1. Honxun H. VM. Pa3zHOCTHBIE CXEMBI JUISI OJHOM HEKJaCCHMYSCKOM 3amaun. BecTH.
Mock. yHHB., cep. BbI4. MaTeM. U kuo., 1977, Ne 2, c. 20-32.
2. Iymwn A. B., Houxkun H. U, Moposzosa B.A. PazHOCTHBIE CXEMBbI s
HECTAIlMOHAPHBIX HEJOKAIBHBIX 3amad. M.: Mzmatensckmii otnen ¢akynbreTa
BMK MI'Y um. M. B. Jlomonocosa, 2010.
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3. Iyaun A. B. YCTOMYNBOCTD HENOKAJIBHBIX PA3HOCTHBIX CXEM B MOJAMPOCTPAHCTBE.
Huddepenn. ypapuenust, 2012, T. 48, Ne 7, c. 940-949.

Gulin A. V.
On stability of non-local difference schemes in subspaces.
M. V. Lomonosov Moscow State University, Faculty of computational mathematics
and cybernetics.

ANIMTPOKCUMAILIMSI BTOPBIX 1 CMEIIIAHHBIX ITPONU3BOTHBIX
SBP MOJAX0OJ10M HA OCHOBE HECUMMETPHUYHBIX ITEPBBIX
PA3BHOCTEMN

JLE. Nosrmmosuy’, .JI. Codporos?

'"MOTH (T'Y), MHL] «[Lniombepcey,
Idovgilovich@slb.com
*MHI] «ILIniombeporce,
isofronov@slb.com

Mpsr mpennaraem o6o6Omenne SBP moaxoma myTem BBEACHHS HECHMMETPUYHBIX
omepatopoB B ¢opmyne compsbkeHus. B pesynbrare paspaboraHa mocieqoBaTeIbHas
anmnpOKCUMAIIHUS CTAPIINX MPOU3BOJHBIX KOHEUHBIMH PA3HOCTSAMH TEPBBIX MPOU3BOJIHBIX
HAa  CABUHYTHIX ImabnoHax. [IpeumyriecTBa TOCTPOCHHBIX  PAa3HOCTHBIX  CXEM
MPOJIEMOHCTPUPOBAHO HA 3a7]a4ax O PacCIpPOCTPAHCHUN YIIPYTHUX BOJIH.

We propose generalization of SBP approach by introducing asymmetric operators in
the conjugation formula. As a result, a successive approximation of higher derivatives by
finite differences of the first derivatives at the shifted stencils is developed. Advantages of
proposed difference schemes are demonstrated on the problem of elastic waves propagation.

Mel pacCMaTpuBacM 3aaady allllpOKCHMMaAalWK KOHCYHBIMHU PA3HOCTAMU
BBICOKOI'O IIOpsAAKa TOYHOCTH IIPOHM3BOJHLIX BHAA (aui)j, rac a(X), U(X) —

JOCTaTOYHO TIaKue (yHKIIUHU, X:{Xi}. 3agava cTaBUTCS B MNapajulelienUNe e Ha

PaBHOMEPHOM CeTKe, MpUYeM MbI TpeOyeM, 4TOObI 1IabJI0OH HE BBIXOIWII 32 MIPEICIIbI
rpanuil. OJTHO U3 PEIICHUI dTOM 3a7aui OCHOBAaHO Ha nmpuMeHennn SBP moaxona cm.
1 1 2, KOTOPBIM TO3BOMSET MOY4YaTh CEMEWCTBA PA3HOCTHBIX CXEM, HACIEIYIOIINX
CBOMCTBO CaMOCONPSKEHHOCTH UCXOAHOTO ONepaTopa MpU OJHOPOIHBIX I'PaHUYHBIX
yenoBusix  [upuxne w/umm Heiimana. OTO CBOWCTBO SBISIETCS BaXKHBIM TIPH
IIOCTPOEHUN YCTOWUYMBBIX PA3HOCTHBIX METOJIOB PEIICHMS 3BOJIIOIMOHHBIX 3a1ad.
Bropoe mHame TtpeboBaHME COCTOUT B UCIOJIb30BAaHUU  IOCJEIOBATEIBHOM
anmpoKCUMAaIUuU JUIsl AUCKPETU3ALMK ONEepaTOPOB BTOPOro MOpsAJKa. ITO O3HAYAET,
YTO  OMNEpPaTOpbl  CTApIIMX MPOU3BOJHBIX  MOJYYAIOTCA  MOCIEI0BATEIbHBIM
IIPUMEHEHUEM DPA3HOCTHBIX OIIEpPAaTOPOB IMEPBOM IPOM3BOAHOM. Takol mOAXOX K
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nuckperusanuu  AuQGepeHIMaIbHbIX  OMepaTOPOB MOXKET OBITh BBITOACH TIPH
MOCTPOCHUH AITOPUTMOB, YKOHOMHBIX C TOYKU 3pEHUS BRIYUCIUTEIHHBIX PECYPCOB.
HenocpenctBennoe  mpumenenue SBP  moaxoma  uiss  mpoBeneHUs
MOCTICIOBATEIPHON  alMPOKCUMAIIMH TEHEPUPYET Pa3HOCTHBIE CXEMBI, KOTOPHIS
JOMYCKAIOT HE(PU3NYHBIC PEIICHHUS THIA «IWIa» ISl TUNepOOTUYECKUX 3ajad
(mpoGnema yetr-HeueT). [loaTromy, Ml 06061 SBP moaxos, 4ToObl MOYKHO OBLIO
MOJTy4aTh Pa3HOCTHBIC CXEMBI, HE TIOIJICPKMBAOIINE TIHIIO00Pa3HbIC PEIICHUSI.

BBenem paBHOMepHYI0 ceTKy u3 N Touek Ha OTpe3ke X € [0,1] U paccMOTPUM

HAa HEW ceTouHble (QYHKIUU U:{un}. O603HaunM yepe3 (U,V)H CKaJIIpHOE

npoussenenre B R" ¢ Becom H, rme H - HexoTopas amaroHanpHas MaTpHIA.
MomudurnupoBanasiii SBP nomxom coctout B ciemyromeM. BBoauM aBa CETOYHBIX
ormeparopa D™ u D" Takue, 4TO OHU ANIPOKCHMHPYIOT IEPBYIO MPOU3BOIHYIO BO
BCEX TOYKAX CETKU U YAOBIETBOPSIOT YCJIOBUIO CyMMHUpOBaHUs 1o yacTsiM (SBP)

v,V eR" :(U, D+\7)H +(D_U,\7)H =U,Vy —UV,. Ecim monoxute D™ =D" =D, T0

noyyuM o0bruHyt0 SBP anmpokcumarnuio Ha OCHOBE IIEHTPalbHO-PA3HOCTHBIX
ONepaToOpOB MEPBOM MPOU3BOJHON BO BHYTPEHHUX TOYKaX CETKU. Eciu ke cTpouTh
D" HecHMMETpPUYHBIM O0Opa30M, HAMpUMEpP HA CABUHYTOM BIepe[ IabjoHe, TO
ylaeTcs MOJAaBJSATh MWIYy MPH COXPAHEHWH OCTAlbHBIX MOJE3HbIX cBoiicTB SBP
noaxoaa. B wacTHOCTH, HAMH TOJTy4YeHBI KOHEYHO-pa3HocTHRIE SBP anmpokcumau
MIPOU3BOJIHBIX C 8-BIM MOPSAKOM TOYHOCTH BHYTPU OTpE3Ka U 4-bIM B OKPECTHOCTHU
T'PaHUYHBIX TOYCK.

B nokmane mpexacrtaBieHa Teopus paspadoranHoro SBP  moaxoma Ha
HECMMMETPUYHBIX ONeparopax B TPWIOKEHMHM K BOJHOBOMY YPaBHEHHIO,
MPEIIOKEHA PA3HOCTHAS alMPOKCUMAIIHS VISl YPaBHEHUSI aHU30TPOITHON YIPYTOCTH

3, ¥ IPUBEJICHBI PE3YJIbTaThl YUCICHHBIX PACUETOB.
Pabora nmonnepxana taxxe PODU (rpant Ne 13-01-00338)

Cnucox 1umepamypul:
1. Mattsson, K. // Journal of Scientific Computing. 2012. V. 51. No. 3. P. 650-682.
2. Strand, B. // J. Computational Physics. 1994. V.110. P. 47-67.

3. Dovgilovich, L. // 75th EAGE Conference & Exhibition. 2013. Extended
Abstracts.

L.E. Dovgilovich', I.L. Sofronov’
«SBP approximation of second and mixed derivatives based on asymmetric first
differencesy»
'MIPT (SU), Schlumberger Moscow research, Idovgilovich@slb.com
2 Schlumberger Moscow research, isofronov@slb.com
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YUCJIEHHOE MOJAEJNMPOBAHUE NIEPEHOCA TEIUIA B IIVIASME

I'.B. loarosaeBa

HUIIM um. M.B. Kenowvrua, Mockea,; Poccus;
dolgg@kiam.ru

Jlokiaa moCBAIIEeH MOJISIUPOBAHUIO OJIHOTO M3 BOKHEUIINX (PU3NUECKUX MPOLIECCOB
NpU pacyeTe IUIa3Mbl TEPMOSIEPHBIX MHIIEHEW - MepeHocy Teruia. PaccmarpuBaioTcs
pa3nu4HbIe TPUOIIKEHUS U UX CPaBHEHHE MEXIy co00il.

The report focuses on the simulation of one of the most important physical processes
in plasma fusion-heat transfer targets. Discusses the various approximations and compare
them with each other.

[Ipu pemieHun MMUPOKOTO Kpyra 3ajad, B YACTHOCTH, 3a/1a4 JIA3€pHON IIa3Mbl
OHMUM W3 OINpEAENSIIONIMX MPOIECCOB  sBiseTcs mnepeHoc Ttemna. Jus
MaTE€MaTUYECKOr0 OMMCAaHUA IMPOIECCOB MEPEHOCa TeIla Yalle BCEro HMCIOJIb3YIOT
3akoH Dypbe (nudpdy3noHHOE MPUOIMKEHNE). DTO NPUOIMHKEHUE OTrPAHUYUBAETCS
MaJbIMH TEMIIEpaTypHbIMU rpagueHTamMu. C pocTOM IpaJiueHTa TEMIIEpaTyphbl MOTOK
HEOIPAHUYEHHO BO3pPACTAECT M MPEBBINIACT MAKCUMAJIbHBIA TEIUIOBOW IMOTOK. Jlis
KPYTBIX TEMIIEpaTypHbIX ()POHTOB, KOTOPbIE UMEIOT MECTO B 00JydaeMbIX Ja3epoM
MUIICHSIX, PE3YyJAbTaTbl MOTYT OBITh IOJYYEHBl IIyTEM YHCIEHHOTO pEIICHUs
KnuHeTndeckoro ypaBHeHHs @okepa-Ilnanka. Ho NOCKOJIBKY 4YHCIEHHO peniaTh
KMHETUYECKOE YPABHEHUE — 3aJada JOCTATOYHO CJOKHAs U I'POMO3JKAas, a yder
MPOLIECCOB TEIJIONEPEHOCa B BBICOKOTEMIIEPATYpHOM Ijla3M€ HEOOXOIuM, TO
3a4acTyIO B pacuerax HCIOJb3YIT npubmmkenne Oypre, MOAUPUIUPYS pa3yMHBIM
o0pa3oM BEJIWYMHY IOTOKa. B pe3ynbraTe MOSIBISIIOTCS pPa3MyHble MOAETH IS
ONMMCAaHUs Tpolecca TEIUIoONEepeHoca, YTOUYHsAIMME IU(PY3MOHHYIO MOJEINb.
[Ipocreiitine ¥ JOBOJIBHO PAaCOpPOCTPAHEHHBIE MO - 3TO MoJauduKaius
1 }y3MOHHOrO NOTOKAa JHOO OrpaHWyMBasl €ro MaKCHUMaJbHO JIOMYyCTUMBIM
noTokoM /1/, nubo y4UTHIBAETCS HEJIOKAIBHBIM XapakTep TerionepeHoca /2/.
Jlroumanu I.®. u Mopa P. npenioxunu s TEIIOBOro MoToka (GpopMyiny, KoTopas
YUHUTHIBAET HEJOKAJbHBIA XapakTep TeruionepeHoca. II0TOK y4yuThIBaeT BIUSHUE
BCEX TOYEK CHUCTEMbl Ha JAHHYIO TOYKY C IIOMOIIBIO SApa, 3aBUCSILETO OT
ONTHYECKUX CBOMCTB CHCTEMBI.

B pabGote paccMOTpeHO HECKOJIBKO NPUOIMKEHUH, COMOCTaBISIOTCA
pe3ynbTaThl pPacyeTOB, AHAIM3UPYIOTCS IOJOXKUTEIbHBIE M  OTPULIATEIbHBIC
XaPaKTEPUCTUKU ITHX NPHOIMKEHUHN, BRIOPAHO ONTHUMAIBHOE MPHUOIMIKEHUE KaK C

TOYKH 3PCHUSI TOYHOCTH, TAK ¥ BPEMEHHU CUETa.
Pa6ora moxnepxana PODU (rpant Ne 11-01-00258)

Chnucox numepamypul.
1. Bomocesuu ILII., Koceipes B.U., JleeanoB E.M. O6 yuere orpaHuueHus
TEIJIOBOTO MOTOKA B YHCIeHHOM sKkcriepumente // M.: Tlpenpunt UIIM, Ne2l,
1978, 22c.
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2. Luciani J., Mora R., Virmont |. Nonlocal heat transport due to steep temperature
gradients // Phys. Rev. Lett., 51, 1983, 1664-1667.

G.V. Dolgoleva
«Numerical simulation of heat transfer in a plasma»
Keldysh Institute of Applied Mathematics of Russian Academy of Sciences; Moscow;
Russia; dolgg@kiam.ru

JIOKAJIBHBIE HEOTPAXKAIOIIUE 'PAHUYHBIE YCJIOBUA
JJIA JNOPEPEHIIUAJIBHBIX U PASHOCTHBIX 3AJTAY

JI.B. I[opoz[HnuLIHl

"Mocrosckui 2ocyoapcmeennlil yuugepcumem umenu M.B. Jlomonocosa,
dorodn@cs.msu.su

OO0cyxmaercst mpoOiemMaTHKa HCKYCCTBEHHBIX TPAHUYHBIX YCIOBUU TPH YHCICHHOM
MOJICIMPOBAHUH PA3TUYHBIX 3a1a4. M3oxkeHne WLTIOCTPUPYETCs MPUMEpPaMH U3 00JIacTH
ra3oBOM JUHAMHKH.

We discuss the topic of artificial boundary conditions for numerical simulation of
various problems. The presented material is illustrated with examples in the field of gas
dynamics.

OKO0JI0 MOJIOBUHBI MPHUKJIAJAHBIX 3a/1ad MAaTeMaTH4YeCKOW (M3UKU CTaBSITCS B
HEOTPAHWYEHHBIX O0JacTsAX. THUMWYHBIA TpUMEp — 3ajadya a’dpOJAUHAMHYECKOTO
oOTekaHusi. B 1ensix KOMIBIOTEPHOTO MOJIETUPOBaHUS TpeOyeTcs, Kak MpaBuio,
HCIIOJIB30BaTh 00JIaCTh KOHEYHOTO pa3Mepa. TeM caMbIM Mbl JOJKHBI OT UCXOOHOU
3a0auu TEPEUTU K pedyyuposanHou 3adaye. 3ateM B 00JacCTH BBOJUTCS CETKa U
CTaBUTCA PA3ZHOCMHAsL 3A0a4d.

Hanuuue MCKYCCTBEHHBIX TpaHUI[ MPUBOJAUT K OTPAXKEHUIO BOJH BHYTPb
obnactu. PasnuuHble uccinegoBaTenu OoJiee MOJyBEeKa 3aHUMAJIUCh MPOOJIEMOM
3aJlaHusl COOTBETCTBYIONIMX YCJIOBHUM Ha Takux TpaHunax, u Oonee 30 et
CYIIECTBYET TMOHATHE HEOTpaKaroumx TpaHuyHbIX Yyciouil. B.C. PsOGenbkuii
chopmynupoBasi B [1] KOHIEMIIMIO TOYHOTO IMEPEHOCA TPAHWUYHBIX YCIOBHH C
OECKOHEYHOCTH Ha MCKYCCTBEHHYIO T'paHHIly. B Hammx TepMHHAX MOXKHO CKa3aTh,
YTO peAylLHpOBaHHAs 3ajlaya JOJKHA UMETh €AUHCTBEHHOE PEIIEHUE, COBNAAIOIIEE
C pellleHWeM WCXOJHOM 3ajadu B Tpeleiax orpaHuueHHoi momobnactu. [lpwu
MIOCTPOCHUU HEOTPAXKAIOIIET0 TPAHUYHOTO YCJIOBHUS CIEAyeT MMETh B BHIY, UTO
pelieHne pa3sHOCTHOM 3ajlaud HEeu30eKHO OYyJeT CoJepXkaTh IMOTPEIIHOCTh BBHUY
JTUCKPETU3ALINH.

HeoTpaxaromme rpaHrudHbIE YCIOBUS IS JIMHEUMHBIX 3a1a4 MAaTEeMaTUYECKOU
(U3UKK  TIPEJCTaBJIAIOT COOOM JIOKalbHBIE YpaBHEHUsS (anreOpanvyecKkue WM
nuddepeHranbHbIC) 160 HEJIOKAJIbHBIC (MHTErpaIbHbBIE, TICEBIO-
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auddepennnanbabie). M3BecTHO, YTO 1yisi MHOTOMEPHOTO BOJIHOBOTO YpaBHEHUS
HEBO3MOXKHO IIOCTPOUTH JIOKAJIBHOE HEOTpakarlee ycioBue. HenokanbHble
I'PAaHUYHBIE YCIIOBUS, KAK IIPaBUIIO, TPOMO3JKH, PECYPCOEMKH U TPYIHO IOAJAIOTCS
napajuieabHOW  peanuzauuu. [lpuxoaurcs genaTeh BBIOOP MEXAY TOYHBIMHU
HEJIOKAJIbHBIMU U NPUOJINKEHHBIMU JIOKAJIbHBIMU HEOTPAXKAIOIIUMHU YCIOBUSMHU.

Ecnu rpann4Hoe yciaoBue ABIIsI€TCA TPUOIMKEHHBIM, BOZHUKAET ITPO0JIeMa ero
YCTOWYUBOCTH, T.€. KOPPEKTHOCTH MOCTAHOBKU HAaYaJIbHO-KPACBOM PEAYLIUPOBAHHOU
341444 C JAHHBIM I'PAHUYHBIM YCIOBUEM. ABTOP IIPUBOAUT OPUTMHAIBHBIEC IPUMEPBI
JIOKa3aTeIbCTBA YCTOMYMBOCTH TPAHUYHOTO YCIOBUSL.

Pa3HocTHas 3agaua TpedyeT cnerualbHON MOCTAHOBKH IPAHUYHBIX YCIIOBHM: K
HEW HE BCerjaa NPUMEHUMA IPOCTas AUMCKPETU3alMs KOHTHHYAJIbHBIX T'PAHUYHBIX
ypaBHeHui. JlaHHas mpoOiieMaTuka OTHOCUTENIBHO MaJlo OCBEIIACTCS B JIUTEpaType.
B »sToM KOHTEkcTe HEOOXOAMMO YIOMSHYTH METOJ Pa3HOCTHBIX MOTEHIHMATIOB
B.C. Psa0enbkoro. B noknane paccmarpuBaroTcsi JB€ anlpoOKCHUMalUU MPOCTEHIIETO
ypaBHEHUs NepeHoca, TpeOyromue OOJIbLUIEr0 KOJIMYECTBa IPAaHUYHBIX ypaBHEHUH,
yeMm auddepeHnuranpHas MoJelb: LEHTPATIbHO-PA3HOCTHAs cXeéMa Ha 3-TOYEUHOM
malbjJoHe M BBICOKOTOYHAs CXE€Ma Ha IIMPOKOM IIa0JoHEe, MpUMEHseMas B
BBIYMCIIMTEIBHON ajpoakycTuke. [IpuBomsTCs INpUMeEpBl IUCKPETHBIX KPaeBbIX
YCIOBHI 7151 3TUX cxeM u3 [2, 3].

HenuHelinble 3a1a4n B PEAKUX CIIy4asX JOIYCKAIOT TOYHBIE HEOTPaXkKaIOILIKE
YCIIOBHSI M HE TO3BOJISIIOT OLIEHUBATH KAYECTBO NMPUOIMKEHHBIX TPAHUYHBIX YCIOBUH.
TeMm He MeHee, 1711 OJJHOMEPHBIX YpaBHEHUN Dijepa U MoJo0HBIX TUIIEPOOIMUECKUX
CUCTEM BO3MOXXHO BBIJEIUTh KJIACC TOYHBIX TIpPaHUYHBIX YycimoBui [2]. A
HEJIMHEHHBIX  Pa3HOCTHBIX  TPAaHUYHBIX  YCIOBUWA  aBTOPOM  pa3paboTaH
MAaTeMaTUYECKUN HMHCTPYMEHT, AAIOMIMKA BO3MOXHOCTh HCCIENOBATH HEKOTOPBIC
CBOMCTBAa aJIrOpUTMOB: B YAaCTHOCTH, OOHapyXeH 3(PQPeKT «HenpaBUIbHOU
aCUMNTOTUKW», TOATBEPKAAEMbIIl pacyeTaMHM, W NPEJIOKEHbl CIOCOOBI €ro
YMEHBILIECHUS.

IToka3aHbl mpuMeEpBI pacyeTOB ra30AMHAMUYECKHUX 3aay C HEOTPaKarOLIUMHU
IPAaHUYHBIMU YCJIOBUSIMU: TayCCOB HMITYJIbC B JIBYMEPHBIX JIMHEAPU30BaHHBIX
YpaBHEHUAX ODilliepa; BUXpeEBas JOPOKKA M03aqU KBAJAPATHOTO LMJIMHAPA B BSI3KOM
rase.

Cnucok aumepamypbi.:

1. PaGenbkuit B.C. TouHbli nepeHOC KpaeBbIX YcIoBUM // BeluncnutenbHas
MexaHuka aedopmupyemoro TBepaoro tena. 1990. Beim.1. C.129-145.

2. Hopoauuibin  JI.B. MckyccTBeHHBbIE T'paHUYHbBIE YCIOBUSA MPU  YUCICHHOM
MOJICJIMPOBAHUM JI03BYKOBBIX TeueHUM rasza // JK. BbIUMCI. MaTeM. U MaTeM. Qus.
2005. T.45. Ne7. C.1251-1278.

3. Dorodnicyn L.W. Artificial boundary conditions for high-accuracy aeroacoustic
algorithms // SIAM J. Scientific Computing. 2010. V.32. No.4. P.1950-1979.
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PET'YJISIPU3OBAHHBIE YPABHEHUSI MEJIKOM BOJbI JIJIS
MOJAEJIUPOBAHUSA TEHEHUHU B HEI'JTYBOKHUX BOJOEMAX

T.I'. Eauzapoga’, O.B. EyJIaTOB2

Y Ynemumym npuxnadnoii mamemamuxu um. M.B.Kendviua PAH,
telizar@yahoo.com
2 Mockosckul eocyoapcmeennwiil yHusepcumem umenu M.B.Jlomonocosa,
Qusuueckuti paxyromem, dombulatovi@mail.ru

B pabote [1] aBTOpamu ObLI MpPEASIOKEH HOBBIM UMCIEHHBIA METOA U1 pacueTa
TEUEHUH KUJIKOCTU B MPUOIMKEHUU MoJien Menkoi Boasl (MB). B momHoM TekcTe OyayT
00CYXJIaThCs OCOOCHHOCTH YHCIEHHOTO aJlfOPUTMA, €T0 TECTUPOBAHME, a TAK)XKE MPUMEPHI
pelieHus: pa3Ho0Opa3HbIX 3a1a4 B npubamkenun MB.

In [1] a new numerical method to solve shallow water equations (SWE) was
proposed. Numerical algorithm and results for 2D cases will be shown in the presentation.

HoBBIi1 YnCIIEHHBIN METOT OCHOBAH Ha UCIIOJb30BAHUN OCPEIHEHUS UCXOIHBIX
YPaBHEHHI MO MAJIOMYy BPEMEHHOMY MPOMEKYTKY, UTO MNPUBOJIUT K IOSBJICHUIO B
HCXOJHBIX YPaBHEHUSX PETYISPUUPYIOMNX 100aBOK. UYUMCIEHHBIE aITrOpUTMBbI
OJIM3KOM CTPYKTYphI, OCHOBaHHbIE Ha HMCIOJIb30BAHUU KBA3UTa30JMHAMHYECKUX U
KBA3UTUIPOJUHAMUYECKUX YPABHEHUH, YCIICIITHO IPUMEHSIIUCh PAHEE K YUCIIEHHOMY
MO/ICIIMPOBAHUIO IIUPOKOTO Kpyra TCUCHHUN Ta3a U )KUIKOCTH [2-4].

PerynspusoBannbie ypaBHeHuss MB  annpokcUMUPYIOTCS € HOMOIIBIO
MHTETPO-UHTEPIOISLUOHHOTO METOAA C MCIIOJIb30BAHUEM LIEHPAIbHO-PA3HOCTHBIX
almpoOKCUMalui Uil  BCEX  IMPOCTPAHCTBEHHBIX  IPOM3BOJHBIX,  BKIIIOYas
KOHBEKTHUBHBIE ciiaraeMble. [1oCTpOEHHBIN alrOpUT™ IIPOCT JJI1 IPOTPaMMHUPOBAHUS,
s PeKTUBEH IS pelieHns] HECTAIIMOHAPHBIX 3a/1a4, yI00€H AJi pachapauieIuBaHus
W pealn3ali Ha HECTPYKTYPHUPOBAHHBIX CE€TKax. B Hacrtosimiee BpeMs 3TOT
AJITOPUTM aJANTHUPOBAH IJIA 3a7a4 C MOJABM>KHOM I'PaHUIEH 3aTOTJIEHHOW 30HBI - TaK
Ha3bIBa€MbIX 3aJa4 C "CyXUM JHOM", a Takke I 3ajady CcO CIOoXHOW (opmoit
MOJICTUJIAIOIIEN TOBEPXHOCTH.

1 mpocTOTHI NMpUBENEM OJHOMEPHBIM BHUJ PETYJSIPU30BAHHBIX YPAaBHEHUU
MB
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B nmanno#t 3ammcu h(x, t) u u(x, t) o003HAYAIOT TIIyOWHY XUIKOCTH U €€
CKOpOCTbh, b(X) juist mpoduis aHa, f urpaer posib BHENTHEH cuiibl (CHia BeTpa, cuja
Kopuonuca, cuna TpeHust o 1HO), g - YyCKOpeHue cBoOoAHOro najeHusi. CUMBOJIOM T
0003HAYEH MapaMmeTp perysipu3alii, KOTOPhI MMeeT Pa3MEpHOCTh BpeMEHU. B
ciydae T — 0 ypaBHEHUS ¢ 100aBOYHBIMU YJICHAMH MPEBPAIIAOTCS B KIIACCHUECKUE
ypaBHeHuss MB. [Ipu 4uCIEHHBIX pacueTax Ha CETKaxX C XapaKTepHBIM IIarom Ax

MapameTp perysipu3ald BBIYUCIAETCA KaK 7 =aAX/4/gh C YHCIICHHBIM

kodppunmenTom 0 < a < 1.

JIisi 4uCIEHHOTO MOJEIMPOBAaHUS 3a4ad C '"CyXHM JHOM" HCIOJIb3YeTCs
MOJIXO0JI, CBSI3aHHBIN C BEJICHUEM IapaMeTpa OTCEUEHHUs € JUIsl TITyOUHBI KUAKOCTH h.
B uncnennom anroputMe ctaBuTcs yciaoBue: ecnu h < g, torna u = 0 u T = 0; u"aue
IIPOBOJUTCS CTAaHAAPTHBIN pacyer.

B nonnom Tekcre OyayT 00CyXIaThCsl OCOOCHHOCTH YHMCIEHHOTO allrOPUTMA,
€ro TECTHUPOBaHWE, a TakKe TMPUMEPHl pEIICHHs pa3sHOOOpa3HBIX 3aJad B
npuomxennn MB.

Cnucox rumepamypul:

1. Elizarova T.G., Bulatov O.V. // Regularized shallow water equations and a new
method of numerical simulation of the open channel flows. Computers & Fluids.
2011. N 46. p. 206-211

2. YerBepymkuH b.H. / Kunetnueckue cxembl 1 KBa3Ura3oJJuHAMUYECKas CUCTEMa
ypaBHenuil. M.: Makc Ilpecc, 2004

3. Emmzapoa T.I'. // KBasurazommnamuueckue ypaBHEHHS U METOJIbI pacyera
BA3KUX TeueHuil. M.: Hayunsiii mup, 2007

4. llleperos 0.B. // lunamuka CIIONIHBIX CPEJl IPU IPOCTPAHCTBEHHO-BPEMEHHOM
ocpennenun. Mocka-IMxesck: HULL «Perynspras n xaotndeckas TUHAMHUKAY,

2009

T.G. Elizarova', O.V. Bulatov®
«Regularized shallow water equations for modeling shallow water flows in channels»
'Keldysh Institute of Applied Mathematics RAN, Moscow, Russia, telizar@yahoo.com
2Moscow State University, Faculty of Physics, Moscow, Russia, dombulatov@mail.ru

MHOTI'OCETOYHbBIN METOA AJ1 AHI/IBOTPOHHI)ulX
PABHOCTHBIX SJIVIMIITHYECKUX YPABHEHUU
B.T. Kyxkos, H./I. HoBukosa, O.b. ®eonopuroBa
UIIM um. M.B. Kenoviua PAH, Mockea

PaccmoTrpena mnpoGnema pemieHHs aHU30TPOMHBIX PAa3HOCTHBIX TPEXMEPHBIX
uUNTAYeCKUX ypaBHeHuid. [lpemnokena »>¢dekTuBHas napajjielibHas peaau3anus
KJIACCUYECKOro MHorocetouHoro meroaa P.II. denopeHko Ha OCHOBE HCIIOJIb30BAHUS
SIBHBIX UYEOBIIICBCKUX HUTEPAIMI MPH PEIICHUU TPyOOCETOYHBIX YpaBHEHUW M Ha dTamax
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criaxuBaHusi. Pa3paborana mporeaypa ajganTaldy cCriaXkuBareled K aHU30TPONHUH, U
nokasana 3((PeKTUBHOCTh U MAaCIITAOMPYEMOCTD MapalJIeIbHOTO KO,

We consider the problem of solution of anisotropic elliptic 3D difference equations
and propose an efficient parallel implementation of the classical multigrid of R.P.
Fedorenko. The algorithm is based on the explicit Chebyshev iterations for solving the
coarsest grid equations and to construct smoothers. We develop the adaptive smoothers for
anisotropy problems, and show that the multigrid provides efficiency and scalability.

[Touck mapamienpHbIX aNropuTMOB akryaneH mid 3D 3agau npu Hamuuum
CHJIBHOM KO3 (UIIMEHTHON WU CeTOYHOU aHu3oTponuu. CoBpeMeHHbIe TPEOOBaHUS
K QIrOpUTMaM BKJIIOYAKOT MCIIOJIB30BAHUE ITOTEHIHAIA CYNEPKOMIIBIOTEPOB JUIS

MacITabUpyeMOTo MOJIENHMPOBAaHMS HA CeTKax ¢ uguciaoM ysmoB N ~10',
[IpeTeHAeHTOM Ha BBICOKYIO MacIITAOUPYyEMOCTh SBJISIETCSI MHOTOCETOYHBIM METOA
IIPY YCJIOBUM PEAIM3ALMU €r0 3TAllOB HAa IPHUHIMUIE AJITOPUTMHUYECKOW IPOCTOTHI.
[IpennoxeHHBI HAMHM AJITOPUTM IPEACTABISET COOOM pean3alMio KJIACCUYECKOro
MHorocerouHoro Merona P.II. denopeHKO Ha OCHOBE HCIOJIB30BAaHUS SIBHBIX
4yeOBIIIEBCKUX UTEpaluil MpU pEeUIeHUH IpyOOCETOYHBIX YpPaBHEHMHM M Ha 3Tamax
CIJIAKUBAHUS.

PaccMoTpyuM B KauecTBe MOJEIM JIMHEWHOE JIUIMITUYECKOE YPAaBHEHHE B
napajuienenunene ¢ kpaeBbimMu yciaosusimu |-l poga. /letanu nmocraHoBku 3amauy,
IUCKpEeTU3aluu, W nap. naHsl B [1, 2]. YpaBHeHME C ydyeTOM KpaeBbIX YCIOBHUMU
AIIPOKCUMHUPYEM MPOCTEUIIEN 7-TOYEYHON PA3HOCTHOW CXEMOM Ha HEPABHOMEPHOU
nekaptoBoi cerke: A U, = f. , tme A — caMOCONpPSHKCHHBIH HEOTPHUIIATEIHHO-

ONpE/CNIeHHbI  omeparop,  crmekTp  kotoporo  [A..; A1 —  oTpe3ok

HEOTPULATEIBHON NOJIyOCH. MTepupyromuil oneparop MHOTOCETOYHOTO METOAA B
. — -1

nByxcetouHom mpenctapnennn umeer Bux: Q=S (I -PARA)S , tme A, -

OmepaTop — peaucKpeTHsanuM Ha rpyboi cerke, P, R,S; — omeparops

MHTEPIOJISALINN, TPOEKTUPOBAHUS U CIIIAXKUBAHUSI COOTBETCTBEHHO.
Jma MHOrMxX 3amady XapakTepHa IIOCTAaHOBKA BBIPOKJICHHOW 3aJayu
Heiimana, korjga MIercs pemieHue ¢ TOYHOCTHIO A0 MPOU3BOJIBHOIO MOCTOSIHHOTO
cnaraemoro. M3 ycrnoBus pa3peluinMOCTy BBIPOKIECHHON 3a/1a4u CIIEYET, YTO HYKHO
00ecrneYnTh OPTOTOHAJIBHOCTh HEBSI3KU SIAPY JIUCKPETHOTO OIleparopa Ha KaxJIoM
CETOYHOM YpOBHE. TpaguIMOHHBIN CIIOCOO COOJIIOJEHUS PTOTO YCIOBUS COACPIKUT
MI00aJbHYIO OMNEpalui0 — pacyeT CKASIPHOTO TMPOW3BEICHMS, UYTO CHHUXKAET
napamienbHyro 3¢ dexktuBHOCTh. [lokazaHo, 4TO aBTOMaTHYeCKOe obOecredyeHue
YCJIIOBUSI  OPTOTOHAJIBLHOCTH  BBIMOJHACTCS MPU  KMCIOJIB30BAaHMM  OIeparopa
MIPOEKTUPOBAHMUS, CONPSHKEHHOTO ONEPaTOPy UHTEPIOJISALINH.
CrnaxuBaHue BBINIOJHSAET KIIOUEBYIO POJIb B MHOTOCETOYHOM Metoae. B
KayecTBE CIJIaKMBaTeNell Mbl M3ydaeM JBE oleparopHble (QyHKUMH OT A —

MHorowsieH YeObimeBa u JIpoOHO-pallMOHANIbHYIO (YHKIIUIO, TMOCTPOCHHYIO Ha
OCHOBE sIBHO-UTepaunoHHoi cxembl JIM-M [3]. KauecTBO criaxuBaHusi 3aBUCUT OT

3aJJaHMs TPaHULBl A ., Pa3AessIolIeN CIEKTpa oleparopa Ha HU3KOYAaCTOTHYIO U
BBICOKOYACTOTHYIO 4acTH. B o0miem ciydae 3Ta rpaHuiia HewsBecTHA. B kadecTse
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IIPUMEpPA, MOKA3BIBAIOIIETO POJIb 3TOM TI'PaHULBI U CBOMCTBA CIJIQXKUBATENIEH, Ha
puc.l mpuBeneHbl rpaduku CIEKTPOB udeObImieBckoro criaxusatens (Cheb), sro
MHOTOWIeH YeOrleBa cTeneHy P =7, ¥ SKBUBAJICHTHOTO €MY 10 BRIYUCIUTEIbHBIM
3aTparam criuaxuBarens JIM-M (LIM), mocTpoeHHOro ¢ MOMOIIBI0 MHOTOYJIEHA
YeObimena crenenu P=4. [pannna paspena A . BeiOpana kak A =A /40 u
YHCJIO IIAaroB CIVIAKUBAHUS OIMPENENICHO W3 YCIOBUSI YMEHBIICHUS HOPMBI HEBSI3KU
Ha BBICOKOYACTOTHOM YacTHW BUETBEPO W BIBoe s criaxkupateneii Cheb u LIM

COOTBCTCTBCHHO. XOpOIHO BUAHO  KAUCCTBCHHOC  PA3JINYHUC! YyeOBIIIIEBCKHUM
CTJIAKHUBATCJIb TACHUT BbBICOKOYACTOTHBIC KOMIIOHCHTBI HCBA3KHM PABHOMCPHO Ha

*
YUYacCTKe [ﬂmin’ ﬂ’max] , d CI'JIa’)KNBaTCJIb JIN-M CTapmure MOJbI IraCUT CUJIIbHEC.
Lmin =Lmax/40

1

— LIM (p=4)
----- Cheb (p=7)

0.5
0.25/

03 2 4 6 8 12
Puc.1 CrnaxuBatenu: ueObimeBckuit (p=7) u JIU-M (p=4) npu

A=A 140

HoBoil uaeeiln gBisieTcss agantanus CrJIAKUBATENIEH K aHU30TPOIHUM B XOJE
MHOroceTouHblXx  urTepauuil.  [lokazaHo, 4To  aganTanus  oOecreuyuBaeT
3 PEKTUBHOCT MHOTOCETOYHOTO METOJa W MaclITadupyeMOCTh MapaliIeIbHOTO
konxa. [IpuBeneHsl pe3ynbTaThl pacueToB Ha cynepkomnbiorepax K-100 UIIM wum.
M.B.Kengsimia PAH, «JIomonoco» MI'Y um. M.B.JlomoHOCOBa, MOATBEP K IAIOIINE
paboTtocmocoOHOCTh anroputMma. O6001eHne Ha 27—TOYeUHbIe UCKPETH3allUH, a B
YacTH CTJIa)KUBATEINIeH, U HA APYTUE CXEMBbI, TPEACTABIIAECTCS OUeBUIHBIM. JleTanpHoe
YHCICHHOE MCCIIeIOBAaHNE CBOMCTB MOCTPOCHHOTO anropuTMa aano B [1]-[2].

Cnucok aumepamypbi

1. XKyxos B.T., HoBukoBa H.JI., ®eonopuroBa O.b. [lapannenbHbiii MHOTOCETOYHBII
METOJI JIJIsl pPa3HOCTHBIX JJUTUNTHYECKUX YpaBHEHHU. AHu3oTponHas quddysus //
[Ipenpunter  UIIM  um. M.B.Kenugpima. 2012. Ne 76. 36 c¢. URL:
http://library.keldysh.ru/preprint.asp?id=2012-76.

2. Xyxos B.T., Houkosa H./l., ®eonopurosa O.b. [TapannenpHblii MHOTOCETOYHBIN
METOJI JIJIsl PEeIlIeHUs] JUTMNTUYECKUX ypaBHeHul // Matem. moaenuposanue. 2013.
T.25. B neuaru.

3. XKykoB B.T. O sBHbIX MeTOAAX YHUCIECHHOIO HHTEIPUPOBAHUS  JJIA
napabonuueckux ypaBHeHuit // Marem. monenupoBanue. 2010. T.22. Ne 10. C.

127-158.
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METO/J HOCTPOEHUSA YIITPOLIEHHBIX HEJIOKAJIBHBIX
MCKYCCTBEHHBIX TPAHUYHBIX YCJIOBUI

H.A. 3aBbﬂJ10Ba1, C.B. YTI0KHUKOB

"Mocrosckui DuU3UKO-MexXHUUeCKUL UHCMUMYm (20Cy0apcmeeHHblil YHUGEpCUmem) —
Jloneonpyowuwiit, Poccus,
natalia.zavyalova@gmail.com
“The University of Manchester, UK,
S.Utyuzhnikov@manchester.ac.uk

[Ipemyioxken MeTON  IOCTPOCHMSI  HEJIOKAJIbHBIX TIPAaHUYHBIX  YCJIOBUM  Ha
HCKYCCTBEHHOM rpanuiie. OCHOBHAs HJEsl COCTOUT B IIOCTPOEHUH OIEpaTopa mepexoaa ot
ycinoBur [lupuxiie Ha HCKYCCTBEHHOW rpaHune K ycinoBusiM Heimana. Ilokaszana
CXOJIMMOCTb TIOJIYYEHHOTO PEIIEHUs K TOYHOMY NPH YAAJIEHUH MCKYCCTBEHHOW TI'PAHULBI.
MeTton anpoOupoBaH Ha IpUMeEpax.

A method for constructing nonlocal boundary conditions on an artificial boundary is
introduced. The main idea consists in constructing DtN-map. The convergence of obtained
solution to the exact solution as the artificial boundary moves to infinity is showed. The
method is tested on a number of examples.

3amauun, pemraeMble B OECKOHEUYHOM IMPOCTPAHCTBE, BO3HUKAIOT BO MHOTHUX
oOnacTsax pu3uku: (prU3MKa TBEpAOro Tena, GU3uKa 1mia3Mbl, adpo- U TUIPOIMHAMUKA,
ANEKTPOJMHAMUKA M MHOrue Jnpyrue. Ilpu ducieHHOM MOAENMPOBaHUM, Kak
MpaBUJIO0, MOTYT HCIOJIb30BAaThCS TOJBKO OrpaHWyeHHble obOnactu. IlosTomy
BO3HHMKAeT MpoOjieMa KOPPEKTHOM TOCTAHOBKM TI'PAaHUYHBIX YCJIOBH  Ha
UCKyCCTBEHHOU Tpanuiie [1, 2].

Kak yka3piBaercs B [2] TOUHBIE HCKYCCTBEHHBIE IPAHUYHBIE YCIOBHS JIOJKHBI
OBITh HEJIOKAJLHBIMU 110 BPEMEHH U 10 MPOCTpaHCTBY. CylIeCTBYET psij MOIX00B K
IIOCTPOEHUIO  JIOKAJIBHBIX  MCKYCCTBEHHBIX TI'PAaHUYHBIX  YCIIOBHW, KOTOpPBIE
3HAYUTENIbHO OO0Jiee MPOCThl B peaiM3allii, HO BHOCST CYIIECTBEHHYIO OIIMOKY B
pelIeHre, KOTOPYIO CIO0XKHO OIIEHUTH 3apaHee. B nanHoil paboTe nmpeanpuHUMaeTCs
MONBITKA IIOCTPOEHHS HEJIOKAIbHBIX HCKYCCTBEHHBIX TIPAaHUYHBIX YCJIOBUH,
JIOCTaTOYHO MPOCTHIX IS peanu3anud [3].
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PaccmatpuBaercs auddepennnanbHoe ypaBHEHNE
Lv=f,
rne L — nuHeliHblli camMoconmpspKeHHBIN AuddepeHranbHblii onepaTop BTOPOTO
nopsinka. J{ias 3Toro ypaBHEHHs Ha MCKYCCTBEHHOW TpaHMIIE BHYTpEHHEH 00iacTu
MOYKHO TIOCTPOHUTH TPAaHUYHOE yCIOBHE BUA

o oW

_:V_,

on on
rie W — pelieHue OJHOPOAHOM 3aJaud BO BHEIIHEH 00JacTh ¢ eIWHUYHBIM
I'PaHUYHBIM yCJIOBHUEM.

HccnenoBanack CXOAMMOCTh MOJIy4eHHOro pemieHus. [lokazaHo, 4To HOpma
pa3HUIBI TOYHOTO U MPUOIMKEHHOTO PEIICHU CTPEMHUTCS K HYJIO, IPH CTPEMIICHUN
K OCCKOHEUHOCTH TMOJIOKEHUS TPaHUIBI OOJACTH U HEKOTOPBIX JOIMOJHUTEIbHBIX
YCIIOBUSX HA PEIICHUE.

PaboTtocrocoOHOCT, MeTOJa MNpoBepsiach Ha PA3IUYHBIX MNpUMEpax, B

KOTOpBIX orepatop L coorBercTBOBaN oneparopy I'ensmrosnsia.

Pabora nmonnep:xkana rpantoMm [IpaButensctBa PO no nmocranosienuto Ne22()
«O Mepax MO NPUBICYEHUIO BEAYLIUMX YYEHBIX B POCCHIICKHE OOpa3oBaTEIbHBIC
YUpPEXKIEHUS  BBICIIETO  MPO(PECCHOHANBHOIO  00pa3oBaHUs» MO  JOTOBOPY
Nel11.G34.31.0072, 3axioueHHOMY MexAy MUHHUCTEPCTBOM OOpa30BaHUS U HAYKH
P®, Benymum y4yeHBIM W MOCKOBCKUM (PU3UKO-TEXHUYECKUM HMHCTUTYTOM
(rocyaapCcTBEHHBIM YHUBEPCUTETOM).

Cnucox 1umepamypol:
1. Givoli D. // Wave motion. 2004. Vol. 39. Pp. 319-326.
2. Tsynkov S.V. /I Applied Numerical Mathematics. 1998. VVol.27. Pp.465-532.
3. Utyuzhnikov S.V. // Computers and Fluids. 2009. Vol. 38. Pp. 1710-1717.
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JBYXCETOUYHBIN METO JJS DJIJIMITUYECKOM 3AJJAUMN
C IOT'PAHUYHBIMHU CJIOSIMU

A.WU. 3agopun

Omckutl gpunuan DedepanbHoco 20Cy0apcmeeHH020 OI0OAHCEMHO20
yupeoicoenus: Hayku Mucmumyma mamemamuxu um. C.J1.Cobonesa CO PAH,
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Hccnenyercss NABYXCETOYHBIM METOJ PEIICHUS JIMHEWMHOTO  AJUIMITHYECKOIO
YpPaBHEHUS C IOTPAHUYHBIMU CIIOSIMU HA PABHOMEPHOM M HA CTYIIAIOLIECHCS B MOTPAHUYHBIX
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CJIOSIX CeTKaX /Uil YMEHBIIEHUs BBIUMCIUTENBHBIX 3aTpaT. B 1OByXceTouHOM MeToje
pellIeHre CXeMbl HAaXOJAMTCS Ha JIBYX CETKaX, YTO IMO3BOJISIET MOBBICUTH TOYHOCTH HA OCHOBE
Metoaa Puuapacona. O0cyXaar0Tcs pe3yabTaThl YUCICHHBIX YKCIIEPUMEHTOB.

Two-grid method for linear elliptic equation with boundary layers on uniform and on
dense in boundary layers meshes is investigated. Such method reduces the calculative
efforts. In two-grid method solution of the difference scheme is constructed on two meshes,
it can be used in Richardson method to increase the accuracy of the difference scheme.
Numerical results are discussed.

Kak M3BECTHO, KIaCCHMYECKUE PAa3HOCTHBIE CXEMblI HE 00JIajal0T CBOHNCTBOM
PAaBHOMEPHOW CXOJMMOCTH B CJIydae OJJUIMITUYECKOIO YpPAaBHEHHUS C MaJbIM
napaMeTpoM TP CTAPUINX MPOU3BOAHBIX. OOECTIeYUTh PABHOMEPHYIO 110 TapaMETPy
CXOJUMOCTh PAa3HOCTHOM CXEMbl MOXHO CTYIIEHHEM CETKHM B MOIPAHMYHBIX CIOSIX
WM TIOJTOHKOM CXeMbl K THOTpaHCIONHON cocTaBistonieil. B oboux ciydasx
Pa3HOCTHAs CXE€Ma SBISETCSA NMATUTOYCYHOU M HAWTH €€ pEelIeHUE MOXKHO Ha OCHOBE
utepaunii. HeobOxoaumoe KONIMYECTBO UTEpalMid MOKHO YMEHBUIUTb, €CIIH
UCIIOJIb30BaTh JBYXCETOUYHBIM MeToA. Toraa mpeaBapuTEIbHbIE UTEPALlUN JIETAI0TCS
Ha BCIIOMOTaTelbHOM, Oojnee rpy0Ooil cerke. /lanee HauaiabHOE NMpPUOIMKEHHE AJIS
UTEpalnil HA UCXOJHOM CETKE CTPOUTCS KaK MHTEPIOJISLIUSA HAAEHHOTO PEIEHUS Ha
BCIIOMOTI'aTEJIbHOM CETKE.

B ciiyyae CHHrynsipHO BO3MYIIEHHOW 3aa4d JBYXCETOYHBIM METOJ JOKEH
YUHUTHIBATh HAJIMYME MTOIPAHUYHBIX CJIOEB U PaHEE MOYTU HE MCCIIEA0BAJICSA, OTMETUM
[1],[2]. B pabote paccmaTpuBaeTcs clieayroias 3aaaya:

gu, +eu, +a(x)u, +b(y)u, —c(x,y)u=f(x,y), (x,y) eQ,

u(x,y)=g(x,y), (x,y) e, Q==(0,1)>,T =oQ.. @)
[Tpenmonaraercs, 4ro ¢pyHKImu a,b,c, f,g — mocrarodyno riuaakue,
a(x)=a>0,b(y)=> £>0,c(x,y)=0,& < (0,1].

[Tpu ManbIx 3HAUEHUAX NapaMeTpa € peleHue 3aaayu (1) uMmeer perynaspHbie
norpannyHbie cnou y rpanui; X =0,y =0.

OcraHoBUMCS Ha cllyda€ paBHOMEPHOW CeTKM. B ciydae peryispHbIX
MOTPAHUYHBIX CJOEB CXEMa JKCIOHEHIMAJIbHOW MOATOHKH 001aJaeT CBOMCTBOM
CXOJUMOCTH, paBHOMEpHOW 1O €. OT HUHTEPHOJALUMOHHON QOPMYINIBI TaK K€
HEO0OXO0AMMO TpeOOBaTh TOYHOCTH, PABHOMEPHOW MO € TakuM CBOMCTBOM HE
00Ja1al0T MOJTMHOMHUANBHBIE UHTEPIIOIALUOHHBIE (POPMYJIbI, TPUMEHEHHE KOTOPBIX
B JIBYXCETOYHOM METOJE NPUBOJUT K UCKAKEHUIO HAWIEHHOTO HA BCIIOMOTaTEIbHON
CEeTKE pELIeHUs, TOrJa TepseTCsd NPEUMYLIECTBO JBYXCETOYHOIO METOAAa B
BBIUTPHIIIE B KOJWYECTBE apupMeTHYecKux AeucTBuil. Jlns ¢yHKIMM 1OBYX
IIEPEMEHHBIX C ITOIPAHCIONHBIMUA COCTABIIIOIIMMU MIOCTPOEHBI WHTEPIOJISILIUOHHBIE
(bopMyIibl, TOUYHBIE Ha 3TUX COCTaBISOUIMX. [loyuyeHbl OLEHKH MOTPeIIHOCTEN
MOCTPOCHHBIX (GopMyJ, paBHOMEpHble Mo €. [lomydeHa oleHka BbIMIpHIIIA B
KOJIMYECTBE apU(PMETHUECKUX IEUCTBHUI MPU MPUMEHEHUH JABYXCETOYHOT'O METO/IA.

HauGonpiee pacnpocTpaHeHHe TMpU PEIICHUH CHUHTYJISIPHO-BO3MYIIECHHBIX
3a/1a4 MOJYYWJI TOAXO0J, UCTOJIb3YIOIIMN CTYIIEHUE CETKHA B MOTPAHUYHBIX CIOsIX. B
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paboTe WcciemoBaH NBYXCETOYHBIM MeTOj i 3amaud Buma (1) B ciydae, korma
pa3HocTHasi cxema cTpoutrcss Ha  cerke IlmmkuHa. BcemomorarenbHas ceTka
[IIvmkuHa BJOKEHAa B UCXOAHYH. [lokazaHO, 4TO B 3TOM CIlydae IMOTPENIHOCTb
dbopMyJIbl JIBYMEPHOM JIMHEHHOW HWHTEPIOISAIMM  paBHOMepHa mo €.  [lpwm
OPUMEHEHUN JIByXCETOYHOTO METOJa PEIICHUE PA3HOCTHOM CXEMbI M3BECTHO Ha
IBYX CETKax, YTO MpPeIJIaracTcs HWCMHOJb30BaTh JUIsl TOBBIIMICHUS TOYHOCTH
Pa3HOCTHOM CXEMBbl Ha OCHOBE METOJa J3KcTpanoyisiunu Puyapnacona. IIpoBenensl
YUCJICHHBIE JKCIEPUMEHTHI, TMOJATBEPAUBIIME KaK BBIMIPHIII B KOJUYECTBE
apumeTnyecKkux ACUCTBHIA NpU NPUMEHEHUH JIBYXCETOYHOTO METOJa, TaK H
3¢ deKTUBHOCTH MpUMeHeHUs MeToAa Puuapacona.

Pa6ora BeimonHeHa npu nozaepxke npoekra PODU (rpant Ne 11-01-00875) u
npoekta OMH PAH Ne 3.2 (2012).

Cnucok numepamypbi:
1. 3amopun A.U., 3amopun H.A. // Cubupckue 3IeKTpOHHBbIE MaTeMaTHYECKUE
uzBectus. 2011. T. 8. C. 247-267.
2. Vulkov L.G., Zadorin A.l. // International Journal of Numerical Analysis and
Modeling. 2010. V. 7. Ne 3. C. 580-592.

Zadorin A.l.
“Two-grid method for elliptic problem with boundary layers”.
Omsk filial of Sobolev Mathematics institute SB RAS, Omsk, Russia,
zadorin@ofim.oscsbras.ru.

YCEUYEHHBIE YCJIOBHUA MOJHOM MPO3PAYHOCTHU
HA OTKPBITBIX 'TPAHUIIAX B U3OTPOITHBIX CPEJAX

H.A. 3ajiueB

HIIM um. M.B. Kenoviuwa PAH, Mockea
zaitsev@Keldysh.ru

[TpuBenenst Gopmyinbl Ycedenusix Ycnosuil [lomnoit IIpo3paunoctu (Y VIII) s
M30TPOIHON yNpyro cpeapl Ui BCEX TPaHHIl TPEXMEPHOW OO0JIacTH, MpeIoKeHa
metomauka Mogudukanmu YVYIIII nHa pebpax u B BepHIMHAX pacdeTHOM 0O0JacTH,
IpeJIoKEeHa pa3HocTHas cxema s pacuera Y YIIII, mposeaeno cpaBHenue Y VIIII ¢
XapaKTEPUCTUICCKUMU TPAHUYHBIMHU YCJIOBHSIMH, WCCIICIOBaHA 3aBUCHMOCTH aMILTUTY/IbI
OTpa)XCHHOW BOJIHBI OT pa3Mepa pacueTHOI obiacTu.

Formulas for Truncated Transparent Boundary Conditions (TTBC) for isotropic
media are presented for all boundaries of 3D computational domain. A method for
modification of the TTBC at edges and vertexes of computational domains and the
corresponding finite-difference scheme are suggested. The TTBC are compared to known
characteristic boundary condition. Dependency of amplitude of the reflected wave on size of
the computational domain is investigated.

Distribution A: Approved for public release; distribution is unlimited.



65

[pemioxxennsbie B [1] rpaHUYHbBIC YCIOBUS HA OTKPBITBIX MPAaHUIAX PACYCTHOM
00JJaCTH MOKHO paccMaTpHBaTh KAK YCEUYEHHBIE YCJIOBHS IOJHON NPO3PavyHOCTH
(YVIIII), koTopble MOJNydaroTCs U3 TOYHBIX YCIIOBUH IOJHOHN Mpo3padHoctd [2, 3]
0TOpachbIBaHUEM HEJIOKAIbHOM YacTH orepaTopa.

B nacrosimeli pabote nmpeanoaaraercs, YTo B OKPECTHOCTH OTKPBITON T'PaHUIIbI
pacueTHOM 00JacTH W BCIOJy BHE €€ paclpoCTpaHEHHWE BOJH OIMCHIBACTCA

ypaBHEHUsAMH Jlame:
2

pgt—lj = (A +p)graddivi + pAG

. T
C MOCTOSHHLIMU Kodpduientamu Jlame A u U, T u=(u1,u2,u3) — BEKTOp
nepememiennii. Torma g rpanunbl X, =const YVIIII MmoxxHO 3amucate B

CJICaAYOmECM BUAC!
a_u_i_Bnla_u-i_BnZa_u+Bn3a_u:0' (l)
ot " OX, “ OX, 70X,

Jls pebpa pacueTHo 001acTi, 00pa30BaHHOIO IpaHUIIAMU X =CONSt u X, = const,

VIIII (1) mogudunmpyercs clieTyomuM o0pa3om:
ou u u
— 4+ Bn . a_u + Bm " a_u

ot " OX " OX,

n

=0.

IIpoBeneno cpaBHenue Y YIIII ¢ xapakTrepucTuueckumu yCaoOBUsIMUA BU1A
ou ou
—+B,,—=0, @)
ot " OX
M3BECTHOE B JHUTEparype Kak ycinoBue KileliToHa-DHKBUCTA TepBOro poaa (cM.,
Hanpumep, [4]). W3 pucynka 1 BuaHO, 4TO OTpakeHue oT rpanur; ¢ Y YIIII

3HAa4YUTCIIbHO MCHBIIIC.

n

TTBC vs Char. n=200 t=0.8 [UI=40 5261 cur-06 1=0.004
51 y=05

|l

/
\

N

Puc. 1. Berxona cdepuueckoil Boanbl u3 Kyoudeckoit oonactu: £ =0.6 (cnesa) n
t=0.8 (cmpasa). Ha npapoii rpanune xapakrepucTHieckoe yciaosue (2), Ha
OCTaIbHBIX rpanunax ¥ YIIIIL.

05
*
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[loka3aHo, 4TO MpU YBEIUYEHUH pa3Mepa pacyeTHOM 00JACTH aMILUIUTyAA
oTpaxkeHHOU oT rpanuil ¢ Y YIIII BomHBI ObICTpO YOBIBAaET (B MPOBEICHHBIX pacyeTax
npu yBeIMYeHUH pedpa pacyeTHoro kyba B 2 pasa ommoOka yobiBaeT mpuMepHo B 10
pas).

Jnsa uncnennou peamusauuu Y YIIII ucnonp3oBasiace siBHas cxema BTOPOrO
nopsAJiKa anmnpoKCMMallui, B KOTOPOW Mpeanoyiaraioch, 4TO TpaHUIbl 00JacTu
MPOXOJSAT YEPE3 MOJIYLEINIbIE TOUYKU CETKHU.

Pa6ora monnepxana PODU (rpanter Nel1-01-00114 u Ne 13-01-00338).
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3. Sofronov I.L, Zaitsev N.A. // J. Comp. Appl. Math. 2010, Vol. 234. P. 1732-
1738.
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56, Ne 2, P. 231 — 241.
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YUCJTEHHBIE METO/IbI C IMCKPETHBIMMU ITPO3PAYHbBIMHA
I'PAHUYHBIMU YCJIIOBUAMHU
JJIA HECTAIIMOHAPHOTI'O YPABHEHUSA LHIPEJIUHI'EPA

A.A. 3JIOTHPIK1, U.A. 310THHK 2

YHIUY Buicwas wikona sxonomuxu — Mockea, Poccus,
azlotnik2008@gmail.com
*HIUY Mockosckuii snepeemuyeckuii uncmumym - Poccus,
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Jns pemenuss HectaumoHapHoro ypaBHeHus IlIpénuHrepa B HEOrpaHUYEHHBIX
00JacTsX MOCTPOEHBI, UCCIENOBaHbl U anpoOUpOBaHbl HOBBIE d(P(HEKTUBHBIC UYUCICHHbBIC
METOJIbI C JUCKPETHBIMU MPO3PAYHBIMU TPaHHUHBIMU ycioBusiMu: MKD mro6oro mopsigka B
CJIy4ae MpsIMOM M METOJ, C PaCILEIJICHUEM 110 TOTCHIMAIY B CJIy4ae MOJIOCHI.

For solving the time-dependent Schrédinger equation in unbounded domains, new
effective numerical methods with discrete transparent boundary conditions are constructed,
studied and tested: FEM of arbitrary order in the case of the axis and a splitting in potential
method in the case of a strip.
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VYpasaenne Llpénunrepa urpaetr BaxxHyt pojb BO MHOTHUX 001acTIX (PU3UKH,
M 4acTO €ro HeoOXOAMMO YHMCIIEHHO peliaTh B HEOrpaHWYEeHHBIX obOsactax. C aToit
[EJIbI0 UCIOJIB3YIOT MpUOIMKEHHbIE TMpo3pauHble rpaHuyHbie ycioBus (III'Y) Ha
UCKYCCTBEeHHBIX rpaHunax [1]. K uucny naydmmx w3 HUX OTHOCSATCS OuCKpemHvle
[ry (AMI'y): nns HUX OTpaxeHUsT OT HCKYCCTBEHHBIX TIPaHUIl MOJHOCTBHIO
OTCYTCTBYIOT, BBIUHCIICHUS YCTOMYMBBI, & MaTEMaTHYeCKas OCHOBa IpO3payHa H
MO3BOJIIET CTPOUTH CTPOTYIO TEOPHUIO YCTOMYMBOCTH METOOB.

B nmanHoii pabore Uit  OOOOIIEHHOIO HECTALIMOHAPHOIO  ypaBHEHMS
[Ipénuurepa paccMoTpeHsl 3aaa4ya Komm Ha npsAMou U HadaJabHO-KpaeBas 3aJada B
nosioce. B cimydae npsiMoil M3y4deH IBYXCIIOMHBIM cuMMeTpuuHbld (Thna Kpanka-
Hukonbcon) mo Bpemenn m MKD mrob6oro mopsiika Ha KOHEYHOM OTPE3KE TI0
MpOCTpaHCTBY uucieHHbld Metoa ¢ JAIIY [2,3]. Jlnga Hero gokazaHa paBHOMEpHas
110 BpEMEHU YCTOMYUBOCTb B HOPME L, ¥ B DQHEPreTHYECKOW HOPME 110 OTHOUICHHUIO K

HayaJbHBIM JAHHBIM © cBoOoaHoMy wieHy. Jns BemBoma JIII'Y wusyden
BCIIOMOTaTeJIbHBIN METOJ] Ha OECKOHEUHON CETKE Ha MpSIMOWM M JIJIsl HEro JOoKa3zaHa
YCTOWYHMBOCTh W BBIBEJICHBI 3aKOHBI coxpaHenus; JII['Y mo3Bosd0T peaynupoBarth
€ro pelleHMe Ha KOHEUYHbIM OTpe30K. HenoxkanbHbI omeparop S, B AIIY

ref

MPECTABISIET COOOM JMCKPETHYIO CBEPTKY IO BPEMEHH, SIAPO KOTOPOH, B CBOIO
ouepeab, SABIAETCS KPaTHOM JHUCKPETHOM CBEPTKOW  IMOCJIEAOBATEIBLHOCTEM,
BBIpaXKaeMbIX yepe3 MHorouaeHsl JIexxanapa. 9T1o sapo 3PPEeKTUBHO BBHIYUCISETCS C
MOMOIIIBbIO OBICTPOTO UCKpeTHOTO npeodpazoBanus Oypre (BAIID). BeimonneHHbie
YUCJICHHBIE SKCIIEPUMEHTHI HATJISAHO AEMOHCTPUPYIOT BBICOKYIO PE3YJIbTATUBHOCTD
ucnonp3oBanusa MKDO Beicokoro nopsnaka ¢ AII'Y, B Tom yucne mpu pacyeTe CUIbHO
OCUWITMPYIOIINX PEIICHUNA U pa3pbIBHOM MOTEHIIUAJIE.

YucneHHble METObl, OOBIYHO HCIOJIb3yeMbIE B ClIy4ae IMOJOCHI, SBIISIOTCS
HesiBHbIMU. [Ipy HMX peanu3aluym Ha KaXIOM CJIO€ N0 BPEMEHU BO3HHUKAIOT
CIIeMAIbHBIE KOMIUIEKCHBIE CHUCTEMbl JIMHEHHBIX alreOpanvyecKux ypaBHEHUM, IJIs
KOTOpbIX 3(h(eKTUBHBIE METOIBI peIIeHUs ToKa He paspaboranbl. C apyrou
CTOPOHBI, Uil YIPOLIEHUS PEAIN3ALMU XOPOILIO U3BECTHA TEXHUKA PACIICIUIEHUS 110
(U3UYECKUM TIPOLIECCaM.

B pabote mocTpoeHO CUMMETPU30BAHHOE PACIICIUICHUE IO TOTCHIIMAY THIa
Ctpenra st JBYXCIOWHOM CcHUMMETpUYHOM cxembl [4]. s mosydeHHOM
TpexmaroBou cxembl ¢ AIII'Y mokazana paBHOMEpHasi 10 BPEMEHU YCTOMYHMBOCTH B
Hopmel,. J[Jua BeBoma JIII'Y paccMoTpeHa BcemomorareiabHas CXeMa C

paCICIUICHUEM I10 IMOTCHIOMATY Ha OECKOHEYHOM CETKE B ITOJIOCE, AJIsI HEC A0Ka3aHa
paBHOMCpHAaA 110 BPCMCHU YCTOIZLIHBOCTB B L2 " BBIBCJCH 3dKOH COXpaHCHHA MACCEHI.

Omneparop S, B ALY nms cxeMmsl ¢ pacIlEINICHUEM TaKOU K€, KaK Ul HCXOAHOU

CXEMBI; OH SIBJIIETCSI HEJOKAJIbHBIM IO BPEMEHH U 3aIIMCBIBAETCS TAKKE C MMOMOILBIO
JIID no nepeMeHHOM MONEPEK MOJIOCHL. s peann3anum METo1a C PaCIICILUICHUEM U
JNIIT'Y B cinydae oOmiero moTeHIMana pa3paboTaH U peann3oBaH 3(PPEKTUBHBIN
MPSIMOW aJITOPUTM BBIYMCIIEHUS PELIEHNUS, UCTIOIB3YIOIMNI NIPOrOHKHA BIOJb MOJIOCHI
u b/III® nonepek nosockl. IlpencrasieHsl pe3ysbTaTbl YUCICHHBIX SKCIIEPUMEHTOB
MO0 pacyeTy TYHHeJIbHOro 3¢ dekTa s npaMoyroiabHbeix O0apbepoB. [lokazano, yTo

Distribution A: Approved for public release; distribution is unlimited.



68

MIPUMEHSIEMOE pPACUICIJIEHHE MO MOTEHIMATy HE BEAET K CHUXEHUIO TOYHOCTH
pE3yNbTAaTOB.

PabGora BbIMONHEHa mpu (UHAHCOBOW MOMJEP)KKE mMporpammbl «HaydHbIi
doun HNUY BIID» B 2012-2013 rr. (mpoekt 11-01-0051), PODU (mpoext 12-01-
90008-ben) u rpanta Munoopuayku PO (cornamenue Ne 14.B37.21.0864).
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Zlotnik A., Zlotnik I. // Kinetic and Related Models. 2012.V.5. Ne3. P.639-667.
Ducomet B., Zlotnik A., Zlotnik 1. // 2013. http://arxiv.org/abs/1303.3471.
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PEHIEHUE CTOXACTHYECKHUX THOPEPEHIIUAJBHbIX
YPABHEHUU UTO-CTPATOHOBHUYA B MOJAEJIN
AMOPOUBAINU ITOKPBITUA

T.A. Aepuna’, A.JL EOHz[apeBa2 , T.1. 3mMueBckas’

YWBMuMI" CO PAH, HI'Y — Hogocubupck,
ata@osmf.sscc.ru
2UTIM um.M.B. Kenowuua PAH — Mocksa,
bal310775@yandex.ru, zmig@mail.ru

[locTpoeHa [ByXypOBHEBas cXeMa [JIsl pEHIeHUSI CHUCTEM CTOXaCTUUYECKHUX
muddepennuanbubix ypaBHenuit (CHAY) Uto B cmbicie CTpaToHOBHYA, OMHCHIBAIOIIMX
pazHoMaciTabHble (hU3nYecKre MPoIecChl HEPAaBHOBECHOU cTaauu (a3oBoro mepexona 1-
ro poja: KJacTepU3alluu 3apObIlieid MOop U OPOYHOBCKOTO JBMIXKEHHS B MOTOKE MOHOB
WHEPTHOTO ra3a KCeHoHa ¢ 3Heprusimu ~10 k3B.

The two-level scheme is constructed for numerical analysis of stochastic differential
equations Ito in the Stratonovich’s sense, describing physical processes with different
scales characteristic times of a non-equilibrium stage 1-st kind phase transition such as
clustering of pores’ nuclei and its Brownian motion into flux of ions inert gas xenon with
energy of ~ 10 keV.

Marematuueckass  Mojenb — amMopdu3alMU  YINPOUYHSIOLWIETO  MOKPBITUS
(oOpa3oBaHMS ~ HETOYEYHBIX  pAJMALMOHHBIX  J1e()EKTOB  MOPUCTOCTH B
KpUCTAJUIMYECKOW  pElIeTKE)  ONMcaHa  KBAa3WJIMHEHHBIMM  KWHETHUYECKHUMHU
ypaBHeHusiMH KosmoropoBa-@eiepa A1 3BOJIOLMH pa3MeEpa 3apoJblilia MOPbl U
OliHmTelHa-CMOIyX0BCKOTO i €ro OpoyHOBCKOUM aAuddy3un B 00beMe peleTKH,
ypaBHEHUSIM CTaBUTCS B cooTBeTcTBHE cuctema CJ[Y HWto, cyliecTBoBaHHE W
€AMHCTBEHHOCTh PEIICHUsS] KOTOpOM J0Ka3aHa. /[ pazHOMacTaOHbIX (PU3MUYECKHUX
MPOILIECCOB MOJIENIM TIOCTPOEHA JBYXYpPOBHEBasg MOAM(PUKALMS YCTONYHBOTO
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o0oOmenHoro meroga tuna Po3enOpoka nns pemenus cucteM CIAY B cwbicie
CrparonoBuua. /st cuctemsl, cocrosiiei u3 ciost 6H-SIC na cybcTpare obnydeHue
3aaHo 10301 10" M. DBOMIONUS OPHCTOCTH M HANPSKEHUH 06beMa PACCUHTAHBI
C TIOMOIIIBIO PEIICHUS 4x10° Chay.

bnaronapum B.C. Ps0eHbKOro 3a BIOXHOBIISIFOIIYIO TBOPYECKYIO aKTUBHOCTD,
a POOU 3a mogmepxky rpantamu Ne 11-01-00282, Ne 12-01-00490.

T.A. Averina', A.L. Bondareva®, G.l. Zmievskaya®

“Solution of stochastic differential equations of Ito-Stratonovich form in model
amorphization cover

'Institute of Computational Mathematics and Mathematical Geophysics SB RAS,
Novosibirsk State University , ata@osmf.sscc.ru

2 Keldysh Institute of Applied Mathematics,Moscow, zmig@mail.ru

PASHOCTHBIE U CTOXACTUYECKHE METOAbI YUCJIEHHOI'O
PEIIEHUS HEJIMHEMHOT'O CTOJKHOBUTEJBHOI'O
KHUHETHYECKOI'O YPABHEHUA

n.o. HOTaHeHKOl, C.A. KapHOB2

YUTIM um. M.B.Kenoviua PAH, Mockea, Poccuiickas @edepayus
2BHUHA um. H.JI. Ilyxosa, Mocxsa, Poccutickas ®@eodepayus

Jlan kpaTkuii 0030p pa3HOCTHOTO M CTOXAaCTHYECKOTO IOJXOJOB K YHCICHHOMY
pEIICHUI0 HEIMHEMHOT0 KWHETUYECKOTO CTOJIKHOBUTEIBHOTO ypaBHeHUs. HoBbIi MeTon
MPSIMOTO  CTaTUCTUYECKOro MojenupoBanus Tuma Monrte-Kapno cpaBHuBaercs ¢
pe3ysibTaTaMHM, OCHOBAaHHBIMM Ha IIOJHOCTHIO KOHCEPBATHUBHBIX PA3HOCTHBIX CXeMax.
OTMedeHbI TPEUMYIIECTBA U HEIOCTATKU 3THUX METOOB.

A short review of deterministic and stochastic approaches to numerical solution of
the nonlinear Kinetic equation is given. A new DSMC method is tested by comparison with
numerical results based on completely conservative difference schemes. Advantages and
limitations of both methods are indicated.

Haubosee u3BeCTHOC KMHETHYCCKOE ypaBHEHHE, OIMCHIBAIOIICE JUHAMHKY
rasa v miasmel, — ypaBHeHue bonbimana (YB)

0 0
D f = f,f,], Df =s—+v—+
a’'a ;Qaﬂ[ a ﬁ] a a {8’[ ar

C UHTETPAJIOM CTOJIKHOBEHHIM
Quf. )= [ dwdn g ,(uw{f,()f,w)—f,0)f,w)},
R3xS,

e g,,(U,n)=uoc,,(U,x). B Teopun ypasuenus bonbimana nuddepenumansroe

F

5
A Lf | fdv=n (rt
At J L=

ceyenue paccestaus o,,(U, 1) B CUCTEME IIEHTPA MACC CTAIKUBAIONIMXCS YACTHI] Ha
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yron 6 =arccos , ‘,u‘sl npeanojaraercs 3aJaHHOM W3BECTHOM (yHKIMEH (cM.,

Hanpumep, [1]). OnepaTop CTONKHOBEHUM ISl 3apsSKEHHBIX YacTHUI] ObLI MOJyYeH
Jlanpay [2] kak anmpokcUMalus UWHTerpajga CTOJKHOBeHHM bonblimMana B
MPEIOJIIOKEHUU PACCESHUS HA MAJIbIE YTJIbI

maﬂ a m 6

. JEWUGD R, (W= —— e, () T (w),
a | J B i

a uepe3 20 mer 3TOT omepaTop ObBUT BHOBH BBIBEJEH B (opMe HEITMHEHHOTO
ypaBHenus: @okkepa-Ilnanka (PIT) [3]. JIn 4MCIEeHHOro peleHuss TPOCTPAHCT-
BEHHO HEOJHOPOJHOTO KHHETUYECKOTO YpPAaBHEHHUS  ECTECTBEHHO HCIIOJIb30BATh
CTaHAAPTHBIE METOJbI pacHieIUieHus] MO0 (U3MYECKUM TapameTpaMm, TO €CTh
paccMaTpuBaTh pasleiabHO (a) ypaBHeHue BnacoBa (HempephIBHOE JBM)KCHHE

QJICKTPOHOB M HOHOB BO BHCHIHHX H CaMOCOITIaCOBAHHBIX HOHHX) Da fa ZO,

(L)( » ﬂ)_

F, =e{E(r,t)+VvxB(r,t)/c} u (6) KynOHOBCKHE CTOIKHOBEHHsI ¢ uHTErpanom JIQIL.

JIJIsl 4YMCTIEHHOTO PEeIlIeHUs MEePBOM CTaAUM OOBIYHO MCIOJIB3YIOTCS METO/bl YacTHII,
KOTOpbIE XOPOIIIO M3YYEHBbI U MPEACTABICHBI B nuTeparype. [ns ctaguu (0) varie
MIPUMEHSAIOTCSI KOHEYHO-PA3HOCTHBIE METOJbI, UCTOPUS KOTOPBIX HACUUTHIBAECT HE
OJIMH JIECATOK JIeT (cM. paboTy [4] u cchuiku B Hel). Metojsl xe Tuna Monrte-Kapio
(MK) pa3Butbl  XyXe, XOTS HMMEHHO CTOXaCTHYECKHUH TOJIXO0Jl €CTECTBEHHO
oObequHsieTcss ¢ MeroAoM dYacTull. Cpeau CTOXaCTUYECKUX METOJIOB PEIICHUS
ypaBHeHus: JIDII orMerum meromsl [5,6], KOTOpbIE OCHOBaHbI Ha OIMPEICICHHBIX
OPUTMHAJIBHBIX (PU3NUECKUX UIEAX, W OOIIMI MOAXO0J K MOCTpOoeHUIo cxeM turna MK
B [7]. 3mech MBI MpPEACTABISAEM MMOAXO0 K YHCIEHHOMY MOJEIUPOBAHUIO YPABHECHUS
JI®II, kotopsiii nenaet merog MK aOCOIIOTHO SICHBIM U MPOCTHIM B UCIOJIB30BAHHH.

CymHOCTh €ro 3aKI4acTcs B TOM, YTO I MOAEIUPOBAHUS CTOJIKHOBEHHM
3apspDKEHHBIX 4acTULl MCHOJIb3yeTcss Yb, anmpokcumupyromee ypaBHeHue JIODIL, c
CEUCHHEM KBa3H MaKCBEJIJIOBCKOTO THIIa [8,9].

Kak geTepMUHHUCTHYECKUN, TaK U CTOXACTHYCCKHUM MOIX0/IbI 001a0al0T CBOUMH
MPEUMYIIECTBAMA M HEAOCTaTKaMM. TaKk  KOHEUYHO-PAa3HOCTHBIM  ITOAXOJ
obOecrieunBaeT HauOoyiee KOPPEKTHOE M JICTAJIbHOE OMHCaHue  (PYHKIUU
pactipenenenua. OJHAKO, i1 HEJIWHEWMHOro KHHETH4YecKoro ypaBHeHusi JIODII
CIIPAaBEJIMBBI TPU 3aKOHA COXPAHEHMS: IUIOTHOCTH YAaCTHUILl, UMILYJIbCA U DHEPIUU,
BBIIIOJIHEHUE KOTOPBIX B JIMCKPETHOM ClIydyae TPYAHO obecrieunts. B
MPOTHUBOMOJIOKHOCTh 3TOMY JIrOpUTM MeTosa tuna MK ctpoutcs ucxoas us Toro,
YTO YACTULBI IOCJE€ CTOJKHOBEHMSI MPHOOPETAIOT CKOPOCTH B COOTBETCTBUHU C
3aKkoHaMH  coxpaHeHus. Metoasl Tuma MK 001amar0oT  HECOMHEHHBIM
MPEMMYIIECTBOM JIJII MHOTOMEPHBIX 3ajad B CUly uX ObicTpopeiicTBus. OHuU
3¢ PeKTUBHBI, KOTJa B peliaeMod 3ajade HEeOOXOJWMO 3HaTh MEPBHIE MOMEHTHI
(dbyHKIUU pacnpeaeneHus. s onucaHus k€ BBICOKHX MOMEHTOB HEOOX0AUMO Opath
OOJNBITIOE  YHCIIO PA3bITPHIBAEMBIX «YACTHID» - CKOPOCTEH, YTO IMOBBIIIACT
CYIIIECTBEHHO BpeMs pacdeTra. Mbl cpaBHMBaeM 00a MOaXoja K MOJEIUPOBAHUIO
KYJIOHOBCKUX CTOJKHOBEHMH [JIsi TUIMUYHBIX 3a71ad (U3UKU TIa3Mbl. UucCIeHHBIC
pe3yJIbTAThl, MIPOBEACHHBIE 10 METOAY NPSIMOIO0 MOAEIMPOBAHUS, CPABHUBAKOTCS C
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pacdu€TtamMu, MMPOBCACHHLIMHA I10 ITOJHOCTBIO KOHCCPBATHBHBIM PA3HOCTHBIM CXCMaM

[10, 4].
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The report deals with the computer simulation of the immune processes described by
ordinary differential equations and differential equations with delay.

B nmokmage paccMmaTpuBarOTCs BOINPOCHl KOMIBIOTEPHOTO MOJEIMPOBAHUS
UMMYHHBIX TPOIIECCOB, OIMUCHIBAEMbIX OOBIKHOBEHHBIMU U] PepeHIInaTbHBIMU
ypaBHEHUSIMU, byHKUIHOHATBHO-TU (D PEepeHIInaTIbHBIMU ypaBHEHUSIMH,
muddepeHnanbHBIMI YPAaBHEHUSIMU C YaCTHBIMU MPOU3BOIHBIMHU.

OcHOBHOE BHMMaHHE B paboOTe yAEJIIEHO BONPOCAM IMOCTPOCHMS YHUCIECHHBIX
AITOPUTMOB MOJICTMPOBAHNS UMMYHHBIX MOJIEJIEH.

Takke 00CYyXJalOTCsl BOINPOCHI MPOrPAMMHON pead3aluu pa3pabOTaHHBIX
YUCJICHHBIX aJTOPUTMOB B paMKax I[akeTa MPUKIAAHBIX mnporpamMm Biomedical

Software Package u Ha MHOrompoueccopHoOM BBIYUCIUTEILHOM Komiuiekce UMM
YpO PAH.

Pabora moapnepxana mnporpammoil mnpesuguyma PAH «®DyHnameHTabHbBIE
Hayku — Meauiuae»y, PDODU (mpoektsr 11-01-00117, 13-01-00089, 13-01-00110),
VYpano-Cubupckum MeKIUCUUTITMHAPHBIM ITPOEKTOM.
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MOJIHBIE CUCTEMbI HEAJITEBPAMYECKHNX ® YHKIITUIA ®OPMbI
I METOJA KOHEYHbBIX 9JIEMEHTOB

N.10. KojtecHUKOB

l'eogpuzuueckuii yenmp PAH — Mockea,

kol@wdcb.ru

[Tonuble cuctembl HeanreOpandeckux QYHKIUNA (OpMBI JUIsI  MHTEPIIOJISLMMA
Jlarpanka MOCTpPOEHBI KakK pEIIeHHs] YpaBHEHUN B YacTHBIX NPOU3BOJHBIX Ha Kybe. B
paMKax METOJla KOHEYHBIX JJIEMEHTOB DPEAJN3YIOTCS TOCTOMHCTBA METOJOB TI'PAaHUYHBIX
3JIEMEHTOB, a TaK)Ke OECCETOYHBIX U CIIEKTPAJIbHBIX METO/I0B.

Complete systems of the non-algebraic shape functions for the Lagrange
interpolations are constructed as the PDEs solutions on a cube. The advantages of the
boundary element methods, meshless and spectral methods are realized within the
framework of finite element method.

C 60-x romoB NpouwIoro Beka Mo HacTosAllee BpeMsi Hauboiee «CTaTUYHOI» B
MeToJie KOHEYHBIX 3neMeHTOB (MKD) ocTtaercs ero ammpokcUMalMOHHAs OCHOBA,
KOTOpasi OrpaHMY€Ha BBHIOOPOM anredpandeckux (QPyHKUUH (OPMBI: CTENEHHBIX H
OpPTOTOHAJILHBIX OJMHOMOB B h-, p- 1 hp- Bepcusx MKD [1].

C mnoBbIIIEHHEM TOpSAIKAa aNreOpanyecKkod AammpoKCUMalUMd B KOHEYHBIX
sanemenTax (KJ) cyiiecTBeHHBIM HEYJI0OCTBOM SIBISICTCSI HEOOXOIUMOCTh BBEJICHUS
BHYTPEHHUX CTENEHEl CBOOOJbI C MOCIEAYIOIIMM HX YCTPAHEHHWEM C IOMOUIBIO
TPYJOEMKHX YUCIIEHHBIX MPOLEAYP CTATUYECKON KOH/ICHCALINH.

Harmmeit nienpto OpuT0 pacuipenue Tuna (GyHKIMOHATBHBIX allpPOKCUMAIIUNA B
MKD3 u HaneneHueM €ro HOBBIMU I1OJIE3HBIMHA BO3MOXHOCTSIMU Ha IIyTH BBEICHMSI
MOJIHBIX CHUCTEM HeallreOpanyeckux GyHKu Gopmsr [2].

[TocTpoeHsl HeanreopandecKue (u3 HabOpOB CUHYCOUJIAJIbHBIX,
AKCIIOHEHIIUANIBHBIX ¥ MOJMWJIMHEHHBIX (DYHKIHUM) UHTEPIIOSIIIMOHHBIE MHOTOUYJICHBI
Jlarpanka mJisi paBHOOTCTOSIIMX Y3JIOB Ha 3aMKHYTBIX MHOECTBAX €IUHHUYHOTO
kyba: otpeske [0,1]; rpanune kBaapaTta; TpaHuile Ky0Oa; kBaapate u kyoe. B
OKPECTHOCTAX YIJIOB PEAM3YETCs HAWIYUIIHA JUHEHHBIA METOJ MPUOIMKEHHS B
dbopme TpuroHomerpuueckux cymm @aBapa. B ogHOMEpHOM ciiyyae Ha Kiacce
HEMpepbIBHO U PepeHmpyeMbix GyHKIHUA ¢ OTPaHUYEHHON BTOPOW MPOU3BOIHOM,
MOPSIIOK HACBIIIEHUS! MHTEPIOJIALIMOHHOTO Mpoliecca XapaKTepU3yeTCs BEIUMYUHOM
O(n®), rae n — yucno y3na0B BAOab oTpeska [0,1].

[Tpu pacmnonoxeHuu y3j10B Ha IpaHULE KBajapaTa (C BO3MOXKHOCTBHIO BhIOOpa
pPa3IMYHOrO YHKCIa TOYEK Ha Pa3HbIX CTOPOHAX) HMHTEPIOIALUOHHBIE CYMMBbI
Jlarpanxa ctpousiuch B (hopMe TOUHBIX pelleHui 3amauu Jupuxie ais ypaBHEHUS
Jlanmlaca mnpu 3aJaHUM HA KOHTYpPE TPUTOHOMETPUYECKUX HWHTEPHOJSALUNA ¢
VIIYYIIEHHBIM MTOBEJEHUEM B OKPECTHOCTSIX YTJIOB.

JInst paBHOOTCTOSIIIMX Yy3J0B Ha TpaHulle Kyba uHTepnoisiuuu Jlarpanxka
HaXOJIMJIUCh KaK NpUOJIMKEHHbIE aHaJUTHYEeCKue pelleHus 3agaund lupuxne ans
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ypaBHeHus Jlammaca B KyOe ¢ MCITOJIB30BAHUEM: IMOCJIEIOBATEILHOTO WCKIIIOUCHUS
y3J0BBIX HEOJHOPOJHOCTEH B BEpIIMHAX, HAa pedpax W IpaHix KyOa; MpUHLHMIIA
CYTIEpIIO3UIIMH; METO/Ia MPAMBIX U METOZa CETOK B COYETAHUU C KOHEYHBIMU PsiIaMU
®ypre. [IpoBeneHHOE CBOpayMBAHME MHOTOKPATHBIX CYMM IS BEpPLIMH M TOYEK

2
pebep TpHMBENO K MHUHUMAIBHO BO3MOXHOMY umciay chnaraembix O(n°)B

byHIaMEHTATBHBIX MHOTOWIECHAX ((PYHKIUAX (OpMBI) IJIsi BCEX TPAHUYHBIX Y3JIOB
kyOa. CyIecTBeHHO, YTO W JUIsl KBaApara W JJig KyOa, BHYTPEHHHE Yy3JIbl 37I€Ch HE
BBOJISITCS JJIsl IPOU3BOJILHOIO YMCIIA TPAHUYHBIX Y3JI0B.

[Ipy  moctpoeHuu  (GyHAAMEHTAIbHBIX  MHOTOWIEHOB NI CETKH
PABHOOTCTOAIIMX I'PAaHUYHBIX U BHYTPEHHUX Y3JIOB B KBaJIpaTe U KyOe MPUMEHSIIHUCH
CMCILIAHHBbIE  MHTEPHOJISILIMM  HAa  OCHOBE  CYIEPIIO3HUIMH  MOCTPOEHHBIX
byHAaMEHTANbHBIX (QYHKIUN I TPAHUYHBIX Y3JIOB U KOPPEKTUPYIOMIMX HX BO
BHYTPEHHHX y3JIaX CETKM MHOTOMEPHBIX KOHEUHBIX psiioB Dypre.

B pe3ynbrate mnpuBieueHus omneparopa ['eapMronbiia CKOHCTPYHPOBAHBI
dbyHIaMeHTaIbHbIE (DYHKIIMH, UMEIOIINE KAHOHUYECKUE TUITBI U3MEHEHHUS: TJIaBHBIM,
3aTyXalolMi M KojJeOaTebHBII B 3aBUCMMOCTA OT 3aJlaHusl BEIIECTBECHHOM
MOCTOSIHHOM B OMEPAaTOpE.

[ToctpoeHnbie  (yHIaMEHTAJIbHBIE  MHOTOYJIEHBI  HCIOJB30BaHbl  IPHU
(dbopMUpPOBAaHUM  COBMECTHBIX  H30MapamMeTpudyeckux  mnepexoansix KD ¢
MPOU3BOJIBHBIM ~ YHCIIOM  y3J0B (MakpoOdJEMEHTOB) M C pa3sHOMAaCIITaOHBIM
MPEJICTABICHUEM TOJIEBBIX (PYHKIIMM (B COOTBETCTBUM C TUIIOM MX U3MEHSIEMOCTH ).

B pesynbrate, Ha ocHoBe MKD u ero yHu(pUIIMpPOBaHHOTO MaTeMaTH4YE€CKOTO
oOecrieueHus pealn3yroTcs BaKHbIE (YHKIHUOHAIBHBIE BO3MOXKHOCTU METOOB
IPaHUYHBIX PJIEMEHTOB, a TAK)KE€ 0€CCETOUHBIX U CIIEKTPAbHBIX METOOB.

OO6cyxmaeTcs pemeHue xecTkux 3aaad MKD 06 u3rude TOHKUX IIaCTHH.
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NPUMEHEHUE MOJIYJOKAJBHBIX CIJIAJKUBAIOIINX CILIAHMHOB
B JTU®PEPEHIIMAJIBHBIX YPABHEHUMAX

ILA. Critaes’, 1.0. KopOTaeB2

‘mry um.M.B.Jlomonocosa, mex-wam ¢p-m — Mockea,
dasilaev@mail.ru
2P[Hcmumym Aemomamuszayuu Ilpoekmuposanus PAH — Mockaa,
dok-home@mail.ru

JlanHas pa0GoTa NOCBSIIEHA MCHOJIB30BAHUIO IMOJYJIOKAIbHBIX —CIIIaKUBAIOIIMX
CIUTAiHOB JUIsSl TIOCTPOCHHUS METOAOB pelieHus AudQepeHnanbHbIX YpaBHEHHM, B T.4. B
YACTHBIX MPOU3BOAHBIX, 00JIAJAIONTUX BHICOKAM MOPSIKOM allllPOKCHMAIUH.

Semilocal smoothing splines allows us to build high-ordered methods of solving
differential equations, including partial differential equations.

[TocTpoeHne TONYIOKAIBHBIX CTIAXKUBAIOIMNAX CIUIAWHOB (S-crutaiftHoB) [1]
BBICOKOTO TOpSAJKA allpOKCUMALIMKA IO3BOJWIO pPa3padoTaTh YHCICHHBIA METOA
pemieHuss auddepeHIanbHbIX 3aad IS [MIHUPOKOr0 Kpyra JIBYMEPHBIX U
TpEXMEPHBIX 005acTell C KyCOYHO-TIQJAKOW TpaHUIEH. S-CIailHbl COCTOST W3
MTOJIMHOMOB, TIOJIOBUHA KO3()(PUIIMEHTOB KOTOPBIX OMPEAEISAETCS YCIOBUSAMHU IIaJKOM
CKJICWKH, a OCTaJIbHbIE — METOJOM HAMMEHBIIMX KBaJpaToB. B OCHOBe pelieHus
nexut Mmeron [Nanépkuna, mMpUMEHEHHBIN K cucTeMe (yHIAMEHTAIBHBIX CILIAHHOB,
SBJISIFOIICICSL TOJHOM B paccMaTpuBaeMoM TpocTpaHcTBe ¢yHKuui. lleneByro
o0NacTh MBI TOMEIIAEM B KpPyr WM Iap HECKOJbKO OoJblero paauyca (wiu
MOKPBIBAEM CHCTEMOW TaKOBbIX). [loMOOHBIA MOAXOM TMO3BOJIIET TOYHO YYECTh
rpaHuily oOJaCTH, a TaKXKe peliaTh YPaBHEHUSI BBICOKOTO TOpsKa (C MOMOIIBIO
crmaiiHoB kmacca C' GBUIO pemieHO OHrapMOHHYECKOE YpPAaBHEHHE B IIape).
Hcrnonw3ys S-craitHel Kinacca C? 65110 pemieHo ypaBHeHue Ilyaccona B o6sactu c
HETJIaJIKOM TPaHUIIE ¢ TOYHOCTHIO O(hﬁ) [2]. BriCOkHII TOPSAOK anmpOKCUMALUU
MO3BOJISIET PE3KO COKPATUTH KOJI-BO TOUEK, OCOOEHHO B MHOTOMEPHBIX 00JIaCTSX.

Cnucox 1umepamypul.
1. CunaeB II.A., KoporaeB 1.0 u ap. [lonynokanbHbie CTiIa)KWBAIOIIUE CIUIAMHBI
xracca C' // Tpymst cemunapa um. LI .ITerposckoro. 2007. Bei 26. C.347-367
2. CumaeB J[I.A., Koporaes J[.O., Kanyctun C.B. IlpumeHeHnue aBaxapl
HerpepblBHO nuddeperiupyemoro S-crumaitna // Bectauk HOYnl'Y, 2009, cep.
«Marematuka, ¢pusmuka, Xumus», Boiyck 12. C. 37-43.
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“Application of semilocal smoothing splines for solving differential tasks”
omonosov MSU, fac. of Mechanics and Mathematics, Russia, dasilaev@mail.ru
2ICAD RAS, Moscow, Russia, dok-home@mail.ru

Distribution A: Approved for public release; distribution is unlimited.



76
MOJEJIUPOBAHUE TEYEHUI I'A30BBIX CMECEM

C.B. Ilomskos, T.A. KyapsimoBa

Keldysh Institute for Applied Mathematics, Moscow ,
serge@imamod.ru, kudryashova@imamod.ru

MOI[eJ'II/IPOBaHI/Ie CBCPX3BYKOBBIX TEUEHUI Ta30BbIX CMECEH SIBISCTCS CYIIIGCTBGHHOIZ
YacThIO0 OOJIBIIIOrO Kpyra HAY4YHO-TCXHUYCCKUX HpO6J’ICM, B TOM YHUCJIC OHO AKTYaJIbHO IIpH
HUCCIICAOBAHUAX  Ta30JUHAMHWYCCKUX  IIPOLCCCOB BOIM3H Pa3iIMYHBbIX KOCMHYCCKUX
06’beKTOB, COCTAaBJIICT OCHOBY MHOTHUX MHUKPO- U HAHOTEXHOJIOTHH. HCJ'IB JIAaHHOM pa6OTBI —
CO3JaHHuC MaTeMaTU4YECKOM MOACIIN, HOSBOJ’IHIOH.ICﬁ HCCIICAOBATh TCUCHHA CMCECH I'a30B B
CJIydac 4aCTUIHOI'O HApYHICHUA TUIIOTE3bI CIIJIOIIHOCTH CPCAbI.

Supersonic flow of gas mixtures is present in a wide range of scientific and technical
problems, including the study of comets, vacuum technology, and materials science. The
supersonic expansion of mixed molecular gases is accompanied by several simultaneous
nonequilibrium processes. The purpose of this paper is to design a model to research flow of
the gas mixture in the case of a partial break of the continuity hypothesis.

B nmannoit pabGore paccmarpuBaercs mnpoOiIeMa MOJSIUPOBAHUS TEUCHUI
ra3oBbIX CMecel B cilydyae npuOmmkeHus ynciaa Kayacena k rpanuiie IpUMEHUMOCTH
NPUOJIMKEHUS CIUIOMHOM cpeabl. OJHUM W3 NPUMEPOB TAKOW CHUTyallUd MOXKHO
CUMTAaTh MCTEYEHUE CBEPX3BYKOBBIX Ta30BBIX CTPyd B BaKyyM, a TaKkKe
B3aMMOJICUCTBUE CTPYW C IIEPOXOBATBIMM NOBEPXHOCTIMH W ap. [ua
Onpenen€éHHOCTH OCTAHOBUMCS Ha 3a7]a4€ CBEPX3BYKOBOIO TEUEHHs] OMHAPHON CMeCH
razoB B MHKPOKAaHAJIaX TEXHUYECKUX CHUCTEM. Maremarndyeckas MOJEIb TaKOro
TEYEHHs] HE MOXET ObITb  MOJHOCThIO  CPOpPMYJIUpOBaHA B  paMKax
MaKpOCKOMUYECKOTO Moaxoja. OObIYHO B TaKOW CUTyalluu JUIsl OMMCAHUS TEUEHUs
CMECH UCHOJb3YI0T 1100 ypaBHeHus: HaBbe-CToKca co crnennaibHbIMU TPAHUYHBIMU
YCIIOBUSIMU Ha CTEHKax KaHaja, JI0O MepexosaT K pelieHni0 ypaBHeHus: boabiimana
B TOM, WM MHOM TpubmmxeHuu. Ob0a crnocoba MMEIOT CBOM IUTIOCHI M MUHYCHI.
Pemienne Ha ocHOBe ypaBHeHUI HaBbe-CToOkca MO3BOJISIET CYIIECTBEHHO COKPATUTh
BBIYMCIIMTEIBHBIE 3aTpaThl, OAHAKO 4nciio KHyaceHa B paMKax Takoro nojaxoja He
MoxeT ObITh OoJibie 0.1. Perenue Ha ocHOBe ypaBHEeHUs bosibliMaHa mostydaeTcs Ha
NopsiIoK OoJiee 3aTpaTHBIM, OJIHAKO Ouamna3oH yucen KHylnceHa cBepxy HMYEM HE
orpannueH. OH orpaHnyeH cHu3y BennunHamu nopsanka 0.01, mockosbky st
MEHbIIMX 3HaueHuil uyucina KHylnceHa BbelUMCIUTENbHAs mpoleaypa Ha 0ase
ypaBHeHUs1 bonbliMaHa CTaHOBUTCS AOCOJIOTHO HEMPUEMIIEMOM C TOYKH 3pEHHUS
BBIYMCIIUTEIBHBIX 3aTparT.

MonekynspHasi JAWHAMUKa SBISETCS OJAHMM U3 Haubojee MOIIHBIX
BBIUMCIIUTENBHBIX TOAXOJ0B, 3(PQPEKTUBHO NPUMEHSIEMbIX [JIsI MOJEIHPOBAHUS
bu3NUeCKUX, XUMHUYECKUX U OHOJOTMYECKHX IMpoleccoB. MeToa MOJeKyIspHOil
muHaMukl (MMJ]) oOnaiaet BBICOKMM MPOCTPAHCTBEHHO-BPEMEHHBIM pa3pellieHueM U
MO3BOJISIET TMOJYYUTh HHPOPMALMIO O TMpoIeccax, MPOUCXOJAIMIUX B ATOMHO-
MOJIEKYJIIPHBIX MacIiTadax M Ha BpeMeHaX MOpsJKa HECKOJIbKUX HAHOCEKYH]I.
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Hcnons3oBanue MMJ[ B momHoM 00BEME Al peajbHBIX pa3MEpoOB O0JACTH U
KOHEUYHBIX ITPOMEKYTKOB BPEMEHHU MPEJICTABISIETCSA MOKA MPEXKIECBPEMEHHBIM, JaXeE
Opy HaJIM4YMM OYEHb MOIIHBIX CcymnepkomnbioTepoB. Ha Ham B3risg Haubosee
NPOJYKTUBHBIM TOJAXOJOM K 3ajlayaM TOJOOHOro Kiacca MOXKET OKa3aThCs
KOMOUMHAIMsI MaKPOCKOMMYECKOTO MOAX0/1a, ONMKUCHIBAIOIIETO CPEHEE M0JIe TECUCHUS,
Y KOPPEKLHS XapAKTEPUCTUK TEUEHUS C TOMOIIBIO CTATUCTUYECKUX MOJXO0/IOB.

B nanHo#lt paboTe MakpOCKOMUYECKUH MOAXO0J] Oa3upyeTcss Ha ypaBHEHUSIX
kBazurazoguHamuku (KI'J[), a xoppekuusi mapamMeTpoB TEUYEHUS MPOU3BOIAUTCS C
nomombio MMJI. Tlpennaraempiii oOmMiA aJrOpUTM pacy€Ta MPEACTABISIET COOOM
pacmieruienne mo (Qusuyeckum mporieccam. KIJI cuctema paccmaTpuBaeTcsi B
pellakCallMOHHOM MPUOIMKEHUN U SBISIETCST 0000IIEHNEeM KBa3UTa30MHAMUYECKUX
ypaBHEHUH Ha ciy4yail cMecw ra3oB. OHa pemnraeTcs MeTo0M KOHEYHBIX 00hEMOB Ha
noaxoasmen cetke. CucreMa ypaBHEHH MOJIEKYJIIPHON JUHAMUKH UCIIOJIb3YETCS B
KauecTBe TMOJICETOYHOTO  alropuT™Ma (IPUMEHSIONMIETOCS]  BHYTPU  Ka)JO0ro
KOHTpOJIbHOTO 00BéMa). B pamkax MMJl anropuTtma B3auMOJICHCTBUE YACTHUI
OMMCHIBAETCSI C MOMOIIBIO MOTEHIMANIA, KOTOPBIN ONPEAEIAETCS UCXOAS U3 CBOMCTB
MOJIEJIUPYEMOTO BEIIECTBA, €r0 arperaTHOro M TEPMUYECKOTO COCTOSIHMM. [l
pacyeTa CUJ B3aUMOJCHCTBUSL MOJIEKYJ HCIIOIb3YETCS XOPOILIO 3apEKOMEHI0BABIIIHIA
cebst morenman Jlennapaa-JlxoHca, MO3BOJISIOMIUN ¢ MUHUMAJIbHBIMUA BBIYUCITUTEIh-
HBIMU 3aTpaTamMl I[OJy4YaThb JOCTAaTOYHO TOYHBIE pE3YyJbTaThl MJII CHUCTEM,
XapaKTEPU3YIONIUXCS MapHBIM B3aUMOJICUCTBUEM, B YaCTHOCTH, JIJI1 UHEPTHBIX T'a30B.

Pabota nognepxxana Poccuiickum (GoHAOM (QyHIaMEHTAIbHBIX HCCIEIOBAHUN
(mpoexTnl NeNe 11-01-12086-o¢u-m, 12-01-00339).
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[IpuBeneHsl pe3yapTaThl aHAIM3a CXOJUMOCTH W 00BEMA BBIYUCIUTENBHON pPadOTHI,
IpEeACTaBICHBI Pe3yIbTAaThl BEIUUCIUTEIBHBIX SKCIIEPUMEHTOB (0T ypaBHeHHs [lyaccoHa 10
ypaBHeHuii HaBre-Crokca).

The report represents robust multigrid technique as a variant of geometric multigrid
methods with problem-independent components. Results of the convergence analysis and
the computational efforts are given; results of computational experiments (from the Poisson
equation up to the Navier-Stokes equations) are presented.

[{enpro maHHOM pabOTHI SBISIETCS pa3pabOTKa BHICOKO3(PPEKTUBHOTO METOaa
pElIeHUs] IIUPOKOro Kjacca KpaeBBbIX 3a/lad Ha CTPYKTYpUPOBAaHHBIX ceTkax. [lpu
ATOM TpeOyeTcs, YTOObl AITOPUTM HE COJEpPKall MPOOJIEMHO-3aBUCUMBIX KOMIIOHEHT
JUISI UCKJIIOYEHHUsI BO3MOXKHOM €ro ajanTtalud K KOHKpeTHOM 3anaye. [lomoOHbIH
QITOPUTM TpEeAHa3HAYEH HJisi TPOrPaMMHOTO OOECHEeYeHUs, YCTPOEHHOTO IO
MPUHLNNY «YEPHOTO SITUKA.

B ocHOBe pa3pabOTaHHOTO  aNrOpUTMA,  TMOJYYMBIIETO  Ha3BaHUE
YHHBEpcajdbHast MHorocerouHnas texHojorus (YMT) [1-4], nexar ampuopHas
ajanranyg KpaeBblX 3aiad Kk YMT, opurmHaibpHas MOCIEIOBATENBHOCTh CETOK
(MHOTOCETOYHAs CTPYKTypa), MOCTPOEHHBIX YTPOCHUEM Ilara, WHTErPO-UHTEPIIO-
JISIUOHHBIA METO]T aMPOKCUMAIIMK U METOJ 3eiielist ¢ OJIOYHBIM YIOPSAI0YMBAHUEM
HEWU3BECTHBIX. KaXk1plii CETOUHBIN YPOBEHb COCTOUT W3 3" cerok, rae | ecth HOMEp
ceToyHoro ypoBHs, a d=2,3. biaromapsi MCIOJIb30BAHHUIO JIOTIOJHUTEIBHBIX CETOK
ynaércs uckimounTh uHTepnosuioo u3 YMT. KontponbHbie 00BEMBI Ha Oosee
rpyOBIX CeTKaxX MOCTPOCHBI OO0BEIMHEHHEM 3¢ KOHTPOJBHBIX O00BEMOB Ha Oosee
MEJIKMX CETKax, MO3TOMY OINEPATOp CYKEHUS HE 3aBUCUT OT pelraeMou 3aaauu. B
MHOT'OCETOYHBIX uTepauusax YMT oTCyTCTBYeT NpeABapUTEIbHOE CIUIaXKUBAHUE IS
MIPUMEHEHUS K PEIICHUIO OTAEIIbHBIX HETMHEMHBIX KPACBbIX 3a7a4.

Jns aHanu3a cXOAMMOCTHU MOJIYYEH BHJI MATPULIBI MHOT'OCETOUYHBIX HTEPALIUIA.
B pamkax TpaJMIIMOHHOTO aHaliW3a CXOJAMMOCTH MHOTOCETOYHBIX METOOB,
OCHOBAaHHOTO Ha CBOMCTBax CIVIA)KUBAHUS U alMpPOKCHUMAIIMM, TMOKa3aHO, 4YTO
KOJIMYECTBO MHOTOCETOUYHBIX uTepaunii YMT He 3aBUCUT OT BEJIMUMHBI 1Iara CETKH.
OnHako, B OTJIMYUE OT KJIACCUYECKUX MHOTOCETOYHBIX METOJIOB, CTOMMOCTh MHOTO-
cerounoit urepanuu YMT Beime u cocraBisier NIgN apudmernyeckunx omneparuii,
rae N — konuuectBo HeusBecTHBIX [5]. Takum obpazom YMT obnamaer Oau3kon K
ONTUMAJILHOM  CKOPOCThIO  cxoauMocTu. IlojlydeHa OllEHKa TpOUTphINia B
3 PEKTUBHOCTH.

B kadecTBe criiaxkmBaTels WCIOJIB30BaH MeETOJN 3eiienss ¢ OJOYHBIM
YIIOPSIOYMBAHUEM HEU3BECTHBIX, KOTOPOE MO3BOJISET NpUMEHATh YMT K peuieHuto
CeJIOBBIX 3a/1a4 (0000menne Mmerona Bankn).

Jns ummocTpali MPUBEAEHBI PE3yJIbTaThl PEIICHUS psAlla TPEXMEPHBIX
KpaeBbIX 3anau (ypaBHeHue IlyaccoHa, aHM30TPONHOE YypaBHEHUE, YPaBHEHHUE C
pa3peIBHBIMH  KOd(h(PHUIHEHTaMH, HEIMHEWHOE YpaBHEHHE TEIUIOMPOBOJHOCTH H
ypaBHeHuil HaBbe-Crokca). Bee 3amaun perieHsl YHUPUIIMPOBAaHHBIM o0Opa3zoMm 0e3
BHECEHUS KaKUX-TMOO M3MEHEHUN B BBIYUCIUTEIBHBIA aJITOPUTM, €IUHCTBEHHBIM
BapbUPYEMbIM IMAPAMETPOM SIBIISICTCS KOJIMUECTBO CTJIAXKH-BAIOLIUX UTEPAIU.

Distribution A: Approved for public release; distribution is unlimited.



79

[Io cpaBHEHHIO C KJIACCHYECKMMH MHOTOCETOYHbIMM Merogamu YMT He
COJIEPKUT MPOOJIEMHO-3aBUCUMBIX KOMIIOHEHT, 4YTO MPUBOJAUT K YBEIWYEHUIO

00BEMBI BEIUKCIUTEILHOM padoThl ~ IgN B pas.

Pabora BeimosHeHa mipu oaep:kke PODU (mpoekt 12-01-00109).
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O INOPAIKE CXOANUMOCTH PASHOCTHBIX CXEM WENO 3A
®POHTOM YJIAPHOM BOJIHBI

H.A. MuxaiijioB

QOI'VII "POAL-BHUUTD um.akadem. E.H.3ababaxuna”,
n.a.mikhaylov@vniitf.ru

[TyTéM YuMCIEHHOrO aHajau3a IOKAa3bIBA€TCA, YTO B OOIIEM CiIy4ae pa3HOCTHBIE
cxeMbl WENO BbICOKOrO mnopsika annpoKCUMAallMM HMEIOT JIMIIb HEPBbIA NOPSAI0K
CXOAMMOCTH B TJIaJJKON 4acTh 000OIIEHHOTO pelIeHus 3a PPOHTOM yAapHOU BOJIHBI.

The numerical analysis has shown that high order WENO schemes have only the first
order of convergence rate in the smooth part of solution behind a shock front.

[Ipobyieme MOHMKEHUS TTOPSIKA CXOIUMOCTH COBPEMEHHBIX Pa3HOCTHBIX CXEM
BBICOKOTO TOPSIKA KIACCHYECKOW anmmpOKCHUMAIIUU B TIAIKON 4acTu 0000IIEHHOTO
pemieHus 3a gpoHToM ynapHoit BonHbl (YB) mocBsmén psg pador [1, 2, 3]. B Hux
OBLJIO TOKAa3aHO, YTO TaKHE SIBHBIE JIBYXCIOWHBIE CXEMBI JUIsl pacuéra pa3phIBHBIX
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pelieHni TunepOoIuIeCKX CUCTEM 3aKOHOB coxpaHeHus, kak VD cxema Xaprena
BTOporo mopsiaka, cxema ENO 4-oro mopsiaka, B oOmieM ciydyae UMEIOT JIMIIb
NEepBBIM MOPSAOK cxoaumocTH 3a ¢poHrom YB.  IlpuumHa 3TOro siBieHUA
3aKJII0YAETCS B TOM, YTO B CIIy4ae CHCTEM 3aKOHOB COXPAHEHHUS TOUYHOCThH PEIICHUS
3a ¢ppoHTOM YB CylllecTBEHHO 3aBHCHUT OT TOYHOCTH MEepenayu ycioBuil ['toronuo,
TaK KakK pelIeHHue B 3TON 0OJACTH ONpeNessieTcsl XapaKTepUuCTUKaMu, Mo KpaiHei
Mepe, 0JHa U3 KOTOPBIX BHIXOAUT ¢ (hpoHTa YB [3].

B [4] Ob110 cenaHo NpeanonaoKeHue, 4To iBHbIE IBYXcioitHbie cxembl WENO
Omarogaps OOJNBIIIEH ITaJKOCTH YUCICHHBIX IOTOKOB, YeM Y UX MPEAIIECCTBEHHUKOB -
cxem ENO [5], cocoOHBI cOXpaHSATh BBICOKHH MOPSAOK CXOAMMOCTH 32 (PPOHTOM
VB.

B HacTosiield paboTe HPOBEPEHO 3TO NPEAINOJIOKEHUE IYTEM YHUCIEHHOTO
aHaJM3a Ha IPUMEPE CUCTEMBI YPABHEHUI TEOPUU MEJIKOU BOJBI

QZ H 2
H, +Q, =0, +| —+9g— |=0,
+Q, Q+ 95
rae H(t,x) m Q(t,X) — rimyOmHa W pacxoja >KHIKOCTH, g — YCKOPEHHE CBOOOIHOTO
najaenus, x e (0, X), X=14. HayanbHble ¥ rpaHUYHbIC YCIOBHS B3STHI U3 [3]:

H(O,x):2—§arctg(x), Q(0.x)=0, Q(t,0)=at, Q(t,X)=pt

B petienuu 3a1aun BCieACTBUE TPAIUEHTHON KaTacTpo(psl B MOMEHT BPEMEHH
T=1 oOpazyercs YB (00p), pacnpocTpaHsiomascs B MOJOKUTEILHOM HaNpaBlIeHUN
OCH X C IIEPEMEHHOMN CKOPOCTBIO.

B pabote paccmarpuBanuchk koHeuHO-00BEMHBIE cxembl WENO 3-ero u 5-ro
MOPSAKOB aNPOKCUMALINH, NpUHaAIexkamue Tuny ['onyHoBa [5].

[Topsmok CXOOUMOCTH ONpENENsICcsa ¢ NoMoIlbo MeTona Pynre. Jlns oneHku
TOYHOCTH IIepeadyd YCIOBHW [TOrOHMO MCIONB30BANACh HHTETpaAJbHAs HOpMa

o(te)l . =]

o = JU(Ey)dy [41 (u(ty) 2 0),

X

o g o e

-
(6]
M

4 o e

Puc.1. Tloroueunsie (a) U B MHTErpagbHOM HOpME (0) MOPSAIKUA CXOIUMOCTH

st tnyounsl H ipu pacuére mo cxeme WENO 3-ero mopsiika Ha MOMEHT BPEMEHH
T=1.8.
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N3 rpadukoB Ha puc.l BuaHO, yTO 3a (ppoHTOM YB B 0bOnactu €€ BIUSHUS
MOPSIIKA TOTOYEHYHOM I' U MHTETpajbHONH R CXOIMMOCTH HE HPEBBIIIAIOT MEPBOTO.
Pesynbprarel gyt cxembl WENO 5-oro nopsiaka aHanoruysbl. OTcCroia BUIHO, CXEMBI
WENO B o0mieM ciydae MMEIOT JIMIIb MEPBBIA MOPSIOK CXOJAMMOCTH B TJIaJIKOM
gacTu 00001IEHHOTO penieHus 3a GponTom YB.
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MATEMATHYECKOE MOJAEJIMPOBAHUE NH’KEHEPHBIX CETHBIX
KOHCTPYKIMU BI'ETEPOI'EHHOUM CPEJE

A.A. Hegoctyr', A.O. Paikes’

'\@IrBEOY BIIO «Kanununepaockuii 2ocyoapcmeennviii mexHu4ecKuil YHUsepcumemy,
nedostup@klgtu.ru
2@I'BOY BITO «Kanununepaockuii 2ocyoapcmeennviii mexHudecKuil yHugepcumenmy,

progacpp@live.ru

B naHHO# cTaThe ommcaHa 00OOIEHHAs MaTeMaTH4ecKas MOJIEIb CETHBIX OpYyIui
MPOMBILIJIEHHOTO PBIOOJIOBCTBA, HE MCIOJIb3YIOIIAsl CIIOXKHBIX CHCTEM ypaBHeHuil [1].
OrnrcaH anropuT™ AJig €€ MOACIMPOBAHMS HA COBPEMEHHBIX MEPCOHANBHBIX KOMITbIOTEPaX
U pabouMx CTAHIMAX B TETEPOTCHHOM Cpele C MPUMEHEHHEM KaK IIEHTPaJIbHOTO, TaK U
rpaduueckoro mpoueccopos.

This article describes a generalized mathematical model of commercial fishing
netting without using complex systems of equations [1]. An algorithm is described for its
modeling on modern personal computers and workstations tures in a heterogeneous
environment with both central and graphics processors.
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[IpensioxkeHHBIH anropuT™M OazupyeTcsi Ha IIAPHUPHO-CTEP’KHEBOM MOJIENHU
(cMm. pucyHok) [2]. B nmaHHOM MoAeNM KakKJIOW HUTKE COIMOCTABIACTCS YIPYTHit
crepxkenb 12, 23, 34, 14, a xaxaomy y3iny - mapuup 1, 2, 3, 4. [na ydera
NPOTUBOJEHCTBUNA M3rMbaM B y3Jlax B MOJIENb BBEACHBI JIOMOJHUTEIbHBIE CTEPKHU
13, 24. YanuHeHue cTepHs 3aBUCUT OT cuibl HaTshkeHus (1). B paspaGoranHom
QIrOpUTME pelIaeTcs 3ajJa4a MUHUMU3AIKUK IBYX TPy OJHOTUIHBIX GyHKIUN (2) U
(3), cBA3BIBAIOIIMX CHUJIOBBIE M TE€OMETPUYECKHE XapakTepucTuku. B rpymnme (2)
KOKIOMY Y31y, a B rpynne (3) KaKIoMy CTEP)KHIO CTaBHTCSI B COOTBETCTBUE CBOSI
GbyHKIIHS.

%
@ F

AL=f(E,L,,Fy, A) (1)

flzzn:EU+F—g+Ea+ﬁ (2)
j=L

f,=L,+AL—|D| 3)

Pucynok. [llapaupHO-CcTEpKHEBAasE MOJIEIIb STYEU

rae AL- yJUIMHEHHWE, | - JJMHAa HUTKA B CBOOOJHOM cocTosiHMM, E - Momyns
ynpyroctd, A - IIOIIAb CEYCHHUs, F - CHIA HATSDKCHHSA (CM. puC.), F - CHIIa

TAXKCCTH, F,- apxumMeaoBa Cuia, R - I'mapoJnHaMHU4ICCKasd CHlIa, Dij- pPacCTOAHUC

MEXIy y3J1aMu, N - KOJIMYECTBO MHIIUACHTHBIX Y311y CTeP)KHEH.
Pa6ora BeimonHeHa npu noaaepxkke rpanta PODU Ne 11-08-00096-a.
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JAETAJIBHOE YNCJIEHHOE MOJAEJINPOBAHUE 'EOPNJIBTPAIINN
HA BOJIBHINX TEPPUTOPUAX

A.Il. Huko.s1aes, JI.A. Hukonaes

00O "Teooun”, 2. Mockea, Poccus,
info@geodin.ru

[Ipennaraercs anropuTM AETaIbHOTO MOJEIMPOBAHUS IeoPUIbTpaliui Ha OOJBIINX
TEPPUTOPHUAX, TTOCTPOCHHBIN Ha TEXHOJIOTHUAX IPOCTPAHCTBEHHOI'O pacHapauleIMBaHus U
"wiki-modelling".

The text reveals the algorithm of detailed geofiltration modelling over large areas
based on the technologies of spatial parallelism and "wiki-modelling".

JInst mporHo3a M3MEHEHMsS PEeXHMMa IOJ3EMHBIX BOJ IPH CTPOUTENBCTBE U
SKCIUTyaTalluM 3JaHUMl U coOpyKeHuil TpelOyercs pa3paboTka JIeTalbHbIX
TPEXMEPHBIX YHUCIEHHBIX MOJeNed Teo(UuiIbTpalui, MaKCUMaJbHO YYUTHIBAIOLIUX
TEXHOT€HHBIE BO3JICUCTBHS, KAK HETIOCPEICTBEHHO HA YYACTKE CTPOUTENIbCTBA, TaK U
Ha OKpyxawomen teppuropun [1]. JlerampHOCTH THAPOrEONOrMYECKUX MOMENEN
MOXHO OXapaKTepHU30BaTh KOJIMYECTBOM OJOKOB MOJEIM Ha E€IUHUIY JJIMHBI,
Harpumep Ha | mmmo - bpm (blocks per mile). Eciu gns pemenus 3anau
PErMOHAJIBbHON OLEHKM pECypcoB TMOA3EMHBIX BOJ JIOCTaTOYHO MOJENEH C
pazpemieHueM 1-5 bpm, To A 33124 TUAPOTre0IOTHYECKOr0 00OCHOBAHUS IIPOEKTOB
TOPOJICKOTO CTPOMTENBCTBA ONTHUMAJIbHBIM MOXHO CYHUTAaTh Pa3pelIeHUE MOJIEIH
5000 bpm, T.e. pazmepoM Osioka B 0.3 M. B aTOM citydae B mpenenax CTpONIUIONIaAKN
MOTYT OBITh IOCTATOYHO TOYHO CMOJAEIUPOBAHbI UTIO(UIBTPbI, CKBAKUHbBI, TOHKHE
OTPAXKJICHUS KOTJIOBAHOB U MHOTHE JAPYTHe€ BO3ICUCTBUSA [2].

Jlnst mMonenupoBaHUM OOJIBIIMX TEPPUTOPUNA TIpEAsiaraeTcsl CIEIyONui
QITOPUTM, PEATU3YIOUIUN TEXHOJOTUI0 MPOCTPAHCTBEHHOIO pacnapaljieIuBaHus
BBIUHCJICHUN:

- 0051acTh MOJEIMPOBAHUS pa3leiAeTcs B MPOCTPAHCTBE HA JIOCTATOYHO
MaJIeHbKHE (PparMeHThI - KJIACTePhl, UMEIOIME HA TPAHULAX 30HBI IEPEKPHITUS, T.€.
0o0JIaCTh HAKpBIBAETCS KJacTepaMu Kak 'yepenuieil'; ONTUMAaJbHBIM pa3mep
KJlacTepa JJisl pPemIeHusl 3a7ad THAPOTEOIOTHYECKOTO MPOTHO3MpoBaHus - 333*333
6xoka mu 100*100 m B m1ane;

- HapaJuielbHbIE pacyeThl B KJAcTEpax BEAYTCS Ha MHOIOIPOLIECCOPHOM
BBIYMCIIUTEIIEHOM KOMIUIEKCE;

- Ha Ka)XJIOM 1I1are 1o BpEMEHU B Ka4€CTBE IPAHUYHOIO 3HAUYEHHUS ISl KaXKI0ro
KJ1acTepa OepyTcsl BBIYMCIICHHbIE YPOBHU U3 COCEAHETr0 KiacTepa B y3iie, JOCTaTOYHO
JAJIEKO YIAJIEHHOM OT Kpasi, TEM CaMbIM aBTOMATHYECKH PEaTU3yIOTCS I'PaHUYHBIE
ycioBus 4 poaa [3]; 30Ha NEPEKPHITUSL KIACTEPOB MPUHUMAETCSI C YUETOM HaTUYUS
30H BO3MYUIEHUS BOJIM3U IPAHULIBI U SIBJISIETCS IEPEMEHHOM;

- KOJIMYECTBO  €IWHOBPEMEHHO  BBIYUCISEMBIX  KIACTEPOB  MOXKET
YBEJIMYMBATHCS MTPU PACIIMPEHUH BIMSHUS TPOCKTHBIX BO3MYIIEHUH.
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CdhopmynupoBanbl TpeOOBaHHS K TEXHOJIOTUU MOJIEIUPOBAHUS:

- BO3MOKHOCTb MOJICJIMPOBAHUS TEPPUTOPUHA HEOTPAHUYEHHOTO pa3Mepa;

- XpaHEHWE  JeTalbHOM MOJEIM W  BBINOJHEHUWE  pacyeToB  Ha
LIEHTPAJIM30BaHHOM BhIUUCIUTENBLHOM pecypce (LIBP);

- IOATOTOBKAa M Iepelaya yAaJeHHbIMH ornepatopamu Ha [[BP ucxomsbIx
JaHHBIX TI0 YyYacTKaM JETaJbHOTO MOJCJIHUPOBAHUS KOHKPETHBIX OOBEKTOB
CTPOUTEIBCTBA - JAaHHBIE O TE€OJOTMYECKOM CTPOCHHH M THUIAPOrEOJOTHMYECKHUX
YCIOBHUSIX TIO PE3yJIbTaTaM HOBBIX HH)KEHEPHO-TEOJOTMYECKUX  H3BICKAHUM,
napaMeTpbl U STambl CTPOUTETBCTBA M IKCIUTyaTallMM MPOEKTUPYEMOrOo OOBEKTa,
CLEHApPHUH MPOTHO3HBIX PACYETOB;

- aBTOMAaTUYECKash MOJEPHHM3alMsl JIETaJbHOM MOJEIW W penieHue oOpaTHOM
3anaun Ha [[BP;

- IPOU3BOACTBO NIPAKTUYECKUX IIPOTHO3HBIX BhlunciaeHui Ha L[BP;

- TIOJIy4€HHE Pe3yJIbTaToB pacuyeTra Ha [IBP u ux Busyanuszanus Ha yJ1aJ€HHOM
paboueM mecre.

Takum oOpasom peanusyercss Texnosorus "wiki-modelling” - mocrosHHas
KOJUIEKTUBHAs ~ MOJEpPHHU3alUsl  JIETalbHOM Teo(QMIbTPAlMOHHONM MoOAenu ¢
UCITOJIb30BAaHUEM €IMHOTO anmnapara MOACINPOBAHUS BCEMH OIlEpaTOPaMU.

AJroput™M peanuzoBaH B BHAE mporpammbl Tiler ¢ wucnosib3oBaHuEM AJis
pellIeHusl ypaBHEHUS (UIbTPALMU JIOKAIbHO-0JTHOMEPHOTO METOJa U olpoOoBaHa Ha
TECTOBBIX mpumepax. IIpu 3ToM pesynbraThl pacueToB A ABYyX KiactepoB ¢ 10%
MEPEKPHITUEM MPAKTHUECKH COBHAIIU C PE3yJIbTaTaMH pacyeTa Jijisl €JUHON MOJENH.
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MPUMEHEHUE COOTHOIIEHMI PACIIAJIA PA3PLIBOB
B METOJIE SPH

C.A. Memuu'?, A.H. Mapumkos

'OUBT PAH*M®TH,
medin@ihed.ras.ru
'OUBT PAH,
parshikov@ihed.ras.ru

[IpencraBnen ycoBepieHCTBOBaHHBIM MeTon SPH, ocHOBaHHBIM Ha NMPUMEHEHUU
pelIeHus 3aja4 O pacrajie pa3pbiBa B U30TPOIMHBIX, YIPYTUX, TEIUIOMPOBOAHBIX U BSI3KHX
cpenax. PemieHbl 3aaun M0 BBHICOKOCKOPOCTHOMY MPOOMBAHUIO, YAAPHOMY HArpyKeHHIO
MOPUCTBIX MAaTEpPHUANIOB, JETOHAIIMM TOPHUCTBIX B3PHIBYATHIX BEHIECTB M  BOJHAM
paspyleHus B CTEKJIax.

The modified method SPH based on interparticle discontinuity breakup relationships
in isotropic, elastic, heat-conducting and viscous media is presented. The corresponding
algorithms are developed. The various problems on the hypervelocity impact, the shock
loading of porous materials, the heterogeneous detonation and the failure wave propagation
are considered.

Meton SPH siBisiercs 6ecceTOYHBIM JIarpaHXeBbIM YUCICHHBIM METOJIOM
pelleHrs YypaBHEHUN MEXaHUWKM CIUIOIIHBIX cpea. B astom wMetonme cpena
MIpEACTABISIETCS. HAOOPOM YaCTHI], 3HAYCHUS (PU3NUYECKUX MEPEMEHHBIX B KOTOPBIX
anmnpoKCUMUPYIOTCA B BUAE [1]

m. f(r.
f(r)=J'f(r')W(r—r',h)dr’ wm  f(r)=) ——2 ( J)Wij(ri ~-r.,h),
i pj
rae ¢ynkmus Wi(ri — rj, h) sBisercs criuaxuparommMm sapoM, U h — qucTaHnus
CrJIQKMBAHHUS MEXIy 0a30BOM YacTHIEH | W YaCTHIIAMH OKDPY)KCHHS |, MPH ITOM
00bIYHO mpuHHMMaeTcs, 4To | — Ij| < 2h. Ocobennocts Meroma SPH cocrout B

BBIUMCIICHUH TpajreHTa nepemennoi f(r;): VI (I’i ) = ZMVWij (ri —r;, h) :
i Pij

DTO BRIpAKCHHE MTO3BOJISICT 3alIMCaTh MPaBbIe YaCTH YPaBHEHUN COXpaHEHUS B
SPH-bopme. B cranmapraom wmetome SPH mis oOecredeHnss MOHOTOHHOCTH
pelieHrusT  BBOJUTCA  HMCKYCCTBEHHAs  BSI3KOCTb.  ABTOpaMHU  MPEIJIOKEHO
ycoBepieHcTBoBaHHe Meroaa SPH, He TpeOyromee BBEAEHUS HCKYCCTBEHHOM
BsI3KOCTH [2]. IIpu 3TOM BBOAUTCSA B PACCMOTPEHME TOYKA KOHTAKTA JJI KaXKIOMN
napbl 4acTuil | u J. B 9Toi Touke M3 perieHus 3a1a4 O pacraje pa3pbiBa, TOYHOTO
WU TMPUOTUAKEHHOTO, ONPESSIOTCS 3HAYEHUsI CKOPOCTHU Uij* U JTaBJICHUS Pij* Ha
KaXIbld MOMEHT BpeMeHH. Moaudukamnus craHgapTHeIX ypaBHeHud SPH
OCYILIECTBIISIETCS 3aMEHOM B MPABBIX YACTSIX YpaBHEHUM NMEPEMEHHBIX CKOPOCTU U
NaBJICHUAd B 4YacTHIaX WX 3HAUEHUSIMH B TOYKE KOHTAKTa: Ui+Uj—>2Uij* u
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*R

* R R
Pi+Pj—2P; . s cnydast cpell ¢ MPOYHOCTBIO MCHOIB3YETCSl 6 +6; —> G, IIe

G;-R - BBIYMCIICHHBIN I10 PCUICHUIO 3aada49U O pacCliaac pa3pbiBa BEKTOP HaHpH}KGHI/Iﬁ Ha

IUTONIAJIKe, OPTOTOHAJIBHON K HampaBiieHHto R or wactuiel | x gactume . [pwu
pelIeHNH 3aJad  TeIIONPOBOJHOCTH JUISI BBIYHMCICHHUS TEIUIOBBIX IIOTOKOB B
KOHTaKTUPYIONIUX YaCTUIIAX HCIOJB3YeTCsl KOHTAKTHAs TeMIlepaTypa W3 pelICHHs
3a]]a9u O PAcIajie TEMIIEPATYPHOTO pa3phiBa

Tij* :(Ti\/m-'_TjM)/(\/ﬂ’uoiC\/i +\//1jijVj )

Jljis TeueHuit BA3KUX KUJIKOCTEH CKOPOCTh B TOUKE KOHTAKTA BBIYUCISAETCS IO
aHAJIOTMYHOU (opMmyJie (IIPH MOJICTAaHOBKE Kod(dduimenTa BsI3kocTH 77 BMecTo ACy, ).
JIis1 IepeYnCIIEHHBIX Cpell — U30TPOIHBIX, YIPYTHUX, TEIJIOMPOBOAHBIX U BS3KUX —
MPUBOISTCS PEUICHHS TECTOBBIX 3a/1a4.

MoaudunupoBanneiii  Meron SPH Obul  agdexTnBHO TNpUMEHEH IS
ME30MEXaHUYECKOTO  MOJCIMPOBAHUA  CIOXKHBIX  TEYCHHWH, B  KOTOPBIX
MHOTOKOMIIOHEHTHAs CTPYKTypa I'€TepOreHHbIX MaTepHaJIOB 3aJaETCSI MHOTOCBSI3HOM
00JacThi0 U ME30CTPYKTYypa MaTepuaja MpeacTaBiseTcs B SBHOM Buje. B nanHom
JOKJIaJIe TIPECTABIECHBI PE3YIbTATHl ME30MEXaHUUECKOTO MOJIETUPOBAHUS TPOOUTHS
nperpajx yJapHUKaMH, paclpoCTpaHEHUs YJApHbBIX BOJIH B IOPUCTOM aJOMUHUHU U
NOCTPOCHUS YAApHBIX aauadaT IMOPHUCTOTO BELIECTBA IO M3BECTHOM anauabare
CIUIOIIHOTO BEILECTBAa, MPOLECCOB JETOHAIIMM MOPUCTHIX B3pHIBUATHIX BEILECTB, a
TaK)K€ pe3yJbTaTbl MOJEIUPOBAaHUS BOJH paspylieHuss B cTékiaax. Bo Bcex
MEPEYUCICHHBIX CIy4YasX METOJ TIOKa3al XOpoIllee COBIMAJCHHE pACUYETHBIX U
AKCIIEPUMEHTATIBHBIX TAHHBIX.

Cnucok aumepamypol
1. Gingold R.A., Monaghan J.J. Smoothed Particle Hydrodynamics // Mon. Not. R.
Astron. Soc. 1977. V. 181. P.375.
2. Parshikov A. N. and Medin S. A. Smoothed Particle Hydrodynamics Using
Interparticle Contact Algorithms // J. Comp. Phys. 2002. V.180. P.358.
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O IPOBHOM CTENNEHU PASHOCTHOT'O OIIEPATOPA
BTOPOI'O NOPAIKA JJIS1 OBBIKHOBEHHOI'O
JANPOPEPEHIIMAJIBHOI'O YPABHEHUA

H.A. I/IJIBI/IHl, J.C. HOHICHKOZ, A.C. Hepemornﬂl’2

YUnemumym kocmogusuueckux uccnedosanuii u pacnpocmpanenus paouosont JBO
PAH — n.Ilapamyunka, Kamuamckuu kpau, Poccus,
d72156@gmail.com
’Kamuamckuii 2ocyoapcmeennblil yHugepcumem umenu Bumyca bepunea —
Ilemponasnosck-Kamuamckuu, Poccus

[Ipemioxken moaxona JUisl YUCICHHOTO NJisi ypaBHEHUU C JIpOOHON MpOW3BOAHOU
mopsiaka oT 1 1o 2. B uucieHHo# cxeme pemieHuss 0OBIKHOBEHHOTO Iu(depeHITnaIbHOro
ypaBHEHHUsI BTOPOTO MOpsJiKa MOAU(DHUIIMPOBaHA OCHOBHAsI MAaTPUIlA CUCTEMbI JJIS CIydas
crenienu 3/2. IlpuBeneHsl pe3ynbTaThl YMCIECHHOTO PEIICHUS JISI CHUCTEMBI C JIPOOHBIM
omepaTopoM, KOTOPBIE COBIIAJIAIOT C PElIEHUEM i oniepaTopa KamyTro.

Numerical method for solving ordinary differential equations of the order from 1 to 2
is represented. In the numerical scheme for solving ordinary differential equations of the
second order the basic matrix of the system is modified for 3/2 order. The results of
numerical solutions for linear system matches to Caputo's fractional operator.

Marematuueckoe  MOJEIMpPOBaHHE  (PUIUYECKUX  IPOLIECCOB, KOTOpHIE
oOnanaroT (paxkTadbHBIMH CBOMCTBAMHM, BBIMOJHSAETCS C IOMOIIBIO ammapara
npooHoro nuddepenuurponanus [1]. Kpyr dusndyeckux 3a1ad, B KOTOPHIX BOSHUKAOT
oriepaTopbl ApoOHOTO auddepeHITnpOBaHMs, TO0CTATOYHO MUPOK, HAUMHAS OT 3a7ad
TEOpHH yIpyroctu 10 A1 ¢y3rnoHHO-BOIHOBBIX MPoIIeccoB [2].

UucnenHoe peimieHne OOBIKHOBEHHOTO IU(PPEpPEHIIMAIBHOTO YpaBHEHUS C
MOAU(PUIMPOBAHHOW MaTpPHIIEH, COOTBETCTBYIOLIEH JAPOOHON CTENEHH Pa3HOCTHOIO
oreparopa IMEpBOro Mopsjaka, OblIo paccMoTpeHo B [3]. B Hactosieir padote
ucrnonp3yeTcs 3amada Komm 11 ypaBHEHHS BTOPOTO TMOpSKa C HavYadbHBIMU
YCIOBUSIMU TIPH TOCTPOSHUHM JIPOOHOTO aHajlora Pa3HOCTHOM CHCTEMBbI B Cilydae
Helesnoro nopsiaka 3/2. YucieHHoe pelieHue Jyis JaHHOW 3ajaud OyJeM HUCKaTh U3
CUCTEMBI JIMHEWHBIX ajareOpandyeckux ypaBHEHUW. VI3 OCHOBHOI MaTpuUIIbl CUCTEMBI,
KOTOpasi COOTBETCTBYET DPA3HOCTHOMY OIlEpaTopy BTOPOro TMOpPsSAKa, MOCTPOEHA
Moau(ULIMPOBaHHAs MaTpUlla Ha OCHOBE JPOOHON CTENEHHU MATPHUIbl Pa3HOCTHOTO
orepaTopa MepBoro nopsijaka.

Ha pucynke 1 mnpuBeneHbl YHCICHHBIC pacUeThl IS JIBYX JIMHEHHBIX
anre0pandecKux CUCTEM C IEIbIM MOPSAKOM, PABHBIM 2, U APOOHBIM MOPSIAKOM 3/2.
B cnyuae  gpoOHOro mopsaka pelieHue IMpencTaBiIsieT co0OoW 3aTyxaromue
KoJie0aHusl CO CTENEHHBIM 3aTyxaHueM. UHcIeHHOe pelleHre cUucTeMbl 3/2 mopska
COBMANaeT C pemeHueM 3agadn  Komm, B KOTOpO B3aMeH KIACCHYECKON
MTPOU3BOIHOM HCTIOJB3YyeT nponsBoaHas Kamyto [2].
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Puc. 1. HucnieHHOE penieHrne ypaBHEHUI; + — MOPSIIOK OlepaTopa paBeH 2;
X — MOPSI0K orepaTopa paseH 3/2.

N3 CTpyKTypbl CUCTEMBI JINHEHHBIX YPABHEHUN YCTAHOBIIEHO, YTO BBIUUCIICHHE
pelleHHsT Ha TMOCIEAYIOUIMX IIarax 3aBUCUT OT BCEX MPEAbIAYIIUX 3HAYECHUU
pemieHusi. B Takom ciydae, cucrema o0iazaeT MaMsaThio, HO BO3HHUKAIOT TOJBKO
3aTyXarolue pelieHus B cirydae JpooHoro nopsijaka ot 1 g0 2.

PaGoTa BeimonHeHa mpu (MHAHCOBOM Moaiepkke MUHHUCTEpCTBAa 00pa3oBaHUs
n Hayku P® B pamkax mnporpammbl crtparerudeckoro pazsutus PI'bBOY BIIO

"KaMuaTckuil rocynapcTBeHHbIM yHHBepcuTeT uMeHH Butyca bepunra" na 2012-
2016 rr.
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YUCJIEHHOE PEHIEHUE HEKOTOPBIX CMEIITIAHHBIX KPAEBBIX
3AZTIAY B KNIMHOBU/IHbBIX OBJACTAX

FO.M. Pannonopt

Hnemumym asmomamusayuu npoekmuposanus, PAH — Mockaa,
jmrap@Ilandau.ac.ru

Pa3paboTran ajJropuTM UHCIEHHOIO PELIEHUS HEKOTOPBIX CMELIAHHBIX KpPAaeBBIX
3a/lad MaTeMaTUYeCKOM (PU3MKHU IyTEM HMCIIOIb30BAaHUS MHTETPAIbHBIX MPeoOpa3OBaHUIM
KontopoBuua-JleOeneBa M mapHbIX HHTETPajbHBIX ypaBHEHWH. JlaHbl NPUIOKEHUS K
YUCICHHOMY PELeHUI0 YpaBHEeHUs [ ebMroblia B KIMHOBUAHBIX 00JIACTSIX.

The new applications of modified integral Kontorovitch— Lebedev transforms for the
solution of some problems of mathematical physics are given. The algorithm of numerical
solution of some mixed boundary value problems for the Helmholtz equation in wedge
domains is developed.

[TapHble uWHTErpanbHBIC YpaBHeHHUs ¢ (QyHKIUeH MakaoHanbaa MHHMOTO
unnekca K. (X) B sipe 6butu BBeneHb! JleGeneBbiM u Ckanbekoi [1]

I:M (r)rtanh(ar)K; (kr)dz =rg(r),0<r<a,
.[:M (r)K (kr)dz = f(r),r >a,

rne g(r) u f(r) — 3amannbie dyHkuuu. OHU Mokazanu [1], 4TO pelIeHHUs] ITUX

YpPaBHEHUH MOTYT OBITH ONPENENICHBI B BUAE OXHOKPATHBIX KBAJPATyp OT PELICHHMIA
MHTETPAIbHBIX ypaBHeHHH DpenroiabMa BTOPOTO poja ¢ CHMMETPHUYHBIM SIpOM,
cozepxamM (GyHKIMI0 MakioHanb1a KoMIuieKkcHoro nopsaka K., (X)

_2sqrt(2)sinh(zz) ¢
T sqrt(z)sinh(ar) IO v (OReKy,..- ()t

w(®)=h(t)- [ K(sthy(s)ds,a<t <o,

rne ReK,,.. (z) — BemecTBeHHas 4acTb (YHKIMH MaknoHaIbJa KOMILUIEKCHOTO

nopsinka 1/ 2+i7. B cioygae g(r)=0

h(t):_sqrt(k)exp(kt)ijwexp(—kr)f(r)dr
dtso  sqrt(r—t)

4 c=sinh[(7 —a)r
K(st)y=2 [ M= D pere | (ks)ReK, ., ()d
779 sinh(ar)
Jlanbl pUITOKEHHSI UHTETPaTbHBIX mpeobpazoBannii Kontoposuua—JleOenena
U IIApHBIX MHTETPAJIBHBIX YPAaBHEHUM K PELICHHUIO CMELIAHHBIX KpaeBbIX 3aj1ad.
3agaun auddy3ud W yOpyrocTd CBOASTCS K PEUIEHUI0 COOTBETCTBYIOIIEH
CMEIIaHHOW KpaeBoOM 3a1auu Il ypaBHeHUs I 'enpMrosbra
ou

AU - k2U = Ov % |(p=izx,0<r<a (r) = g(r)’ u |(p=ia,r>a (r) = f (r)’
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uj
Pemenne 3amaun kak mnoigydyeHo JleOeneBbM —ompenensieTcss B - BUIE
MHTErpajgbHbIX peoOpa3zoBanuii Konroposuua—Jlebenena

u(r,p) ="M () S2NO7  (kryde,
0 coshar

rae M(7) ecth perieHue NapHOro UHTErPAIbHOTO YPaBHEHMUS.

— OrpaHu4eHo, U|_ _ — OrpaHuyeHo.

r=0 r=0

[IpoBeneHo uwucieHHoe penieHue. l[IpemsioxkeHbl HSKOHOMHBIE  METOJIbI
BBIYUCIICHUS SIIEp HWHTETPajbHbIX YpPaBHEHUM, OCHOBAaHHBIE Ha KBaJpaTypHBIX
dopmynax [Naycca mo y3mam monmmHoMmOB Jlareppa. [[ns yBenmndeHuss TOYHOCTH W
OBICTPOJICHCTBHSl  QJITOPUTMOB  WCITOJIB30BAHBI  MPOIEAYPHI  MPEABAPUTEIHHOTO
npeoOpa3oBaHus HMHTETPAjJOB U BBIJEICHUS OCOOCHHOCTH B MOJAMHTETPAIBHOM
BbIpakeHUU. PaccMoOTpeHsI citydyau, JOMyCKArOIIMe MOJHOE aHAJTUTHYECKOE PeIlleHre
3amauu. PaccMoTpenHbie mpUMepbl JIEMOHCTPUPYIOT 3DPEKTUBHOCTH ITOM METOJIUKH
IIPY YKCIICHHOM PEIICHUU CMEIIaHHBIX KPaeBbIX 3a]a4 JJIsl ypaBHEHUs [ enbpMronbia
B KIMHOBUJHBIX OOJACTAX, B TOM 4YHCIE 3a7ady yOpPYrocTd W TopeHus |[2].
PazMepHOCTh 3amaun TMpU HUCIOJIB30BAHUU YKA3aHHOTO NOAXOJAa MOHMXKAETCS Ha
€UHUIlY, YTO SBIIIETCS CYIIECTBEHHBIM IMPEUMYIIECTBOM 3TOro metona. Jlana
OLICHKA MOTPEITHOCTH.

PaboTa BbInOJIHEHA NpU NOAAEPKKE TeMaTHYecKol MporpaMMbl 0 0OpaTHBIM
3a1ayaM U u300pakeHnsaM OUgcoBCKOro HHCTUTYTA.

Cnucok aumepamypeol:
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2. J. M. Rappoport, "Dual integral equation method for some mixed boundary value
problem in: Advances in analysis. Proceedings of the 4th International ISAAC
Congress, World Scientific, 2005, pp.167-176.
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MOHOTOHHBIE BBICOKOTOYHBIE KOMITAKTHBIE CXEMBI
BEI'YIIEI'O CHETA JJI1 MHOI'OMEPHbBIX YPABHEHUU
I'MIHEPBOJIMYECKOI'O THUITA
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YUTIM um. M.B.Kenowvuua, MOTH,
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JUis KBa3WJIMHEWHBIX MHOTOMEPHBIX THMIEPOOIMUYECKUX YpaBHEHHM HpPeCTaBIICHBI
KOHCEpBAaTUBHbIE A0COIIOTHO YCTONUMBBIE KOMITAKTHBIE Pa3HOCTHBIE CXEMbl, MOHOTOHHbBIE
B IIMPOKOM JMaIla30HE 3HA4eHWM JoKajabHOro uucina Kypanta. OHM MMEIOT 4eTBEPTHIN
MOPSIAOK  aNNPOKCUMALMM M0 KaXIO0M KOOpAMHATE Ha TJAAKUX pemeHusax. CXxemsl
HSKOHOMHUYHBI U PEIIAOTCs OEryIIM CYETOM 10 IPOCTPAHCTBEHHBIM IIE€PEMEHHBIM.

Monotone compact conservative difference schemes are presented for solving
quasilinear multidimensional hyperbolic equations. The schemes have a fourth-order of
approximation on smooth enough solutions in each space direction and can be used in a
wide range of local Courant numbers. The presented schemes are numerically efficient
thanks to a simple two-diagonal structure of the matrix to be inverted.

B HacTosimiee BpeMsi HIMPOKOE PACIPOCTPAHEHHE MOJYUYWIH JIBYXCIONHBIE
PA3HOCTHBIE CXEMbI MOBBIIIEHHON TOYHOCTH JJIsi CKBO3HOTO pacyera pa3pbIBHBIX
pelieHnid TUnepOOJNYeCcKX CHUCTeM 3akoHOB coxpaHeHus [1]. IIpu moctpoenuun
TaKMX CXEM OCHOBHBIM MPHUHIIUIIOM SIBJIIETCS M3BECTHAs Teopema 00 OrpaHUYEHUU
MopsAJIKa anmpoOKCUMAIIMU JIByXCJIOWHBIX MOHOTOHHBIX JIMHEHMHBIX cxeMm [2]. B
o030pHO# cTatbe [3], MOCBAMEHHON TMpoOIEeMe TMOCTPOCHHUS MOHOTOHHBIX,
KOHCEPBAaTUBHBIX  BBICOKOTOYHBIX  PAa3HOCTHBIX  CXE€M  JJii  ypaBHEHUH
rUnepooIMUecKOro  THUIA, OTMEUEHO, YTO TMEpPCHEKTUBHBIM  HampaBiICHUEM
pa3pabOTKM TaKUX CXEM SIBJISIETCS WX TIOMCK Cpeau CXeM, OO0JaJarolmux
KOMIMAaKTHOCThIO TMPOCTPAHCTBEHHOTO IIa0JOHa, T.€. CPEeAM TaK Ha3bIBAEMbIX
KoMNakTHBIX cxeM [4]. Cpeau kiacca KOMIAKTHBIX CXEM HauOOJIbIIUA WHTEpEeC
MPEJCTABISAIOT CHUMMETPUYHBIC CXEMbl UYETHOTO TMOpsSAKa anmpoOKCUMAIMHM 10
MPOCTPAHCTBEHHBIM HE3aBUCHUMBIM TEPEMEHHBIM, BCIIEJCTBHE Ba)KHOT'O CBOWCTBA:
MOPSAKM  HMX  KJIACCMYECKOM  anmpOKCUMAllMM  HA  TVIAJIKUX  PEIICHUSX
TUNEpOOTMUECKO CUCTEMBI 3aKOHOB COXPAaHEHHsS M Clabod anmpoKcHMaliu Ha
Pa3pbIBHBIX PEIICHUSX COBIAIAOT [5].

B paGore mpennokeHa KOMIAKTHAas pPa3HOCTHAS CXeMa JUIsl YHCIEHHOTO
pacuéTa MHOTOMEPHBIX HECTAallHOHAPHBIX YpPaBHEHUW M CHUCTEM YpPaBHEHUU
runepOonmmueckoro tuna. [lpu e€ mocTpoeHuu HCMONB3yIOTCA: 1) IUBEpreHTHBIC
muddepeHranbabple  CIEICTBUS  HCXOIHBIX  ypaBHEHUM, TaKXKe B3SIThIX B
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AUBEpreHTHON (hopme, 2) METOM MPSMBIX, 3) UHTETPO-UHTEPIIOIALMOHHBIA METOJT B
npenenax OJHOW IMPOCTPAHCTBEHHOW CETOYHOM siuerku. IlociegHee o3Hayaer, 4yTo
JaHHAas cXema SBISETCS AMCKPETU3alUUE HMHTETPAbHBIX 3aKOHOB COXPaHEHHS.
brnaronapss Takomy cnoco0y NOCTpOEHHUsI 3Ta CXEMa YyHacjleJoBalla Yy CBOETrO
OJIHOMEPHOTO aHaJioTa [6] psiJl BaXHBIX CBOMCTB: 1) OHAa MMeeT YeTBEPTHIN MOPSIOK
anmpoKCUMalMu TI0 KaXJOHW NPOCTPAaHCTBEHHON MepeMeHHOW Ha 11ablioHe,
COCTOSIIIEM M3 ABYX LEJBIX Y3JI0B, Ha IJIAJKUX PEIICHUSAX, [MO3TOMY Pa3HOCTHBIE
YpaBHEHHS CXEMbI MOXKHO pelIiaThb METOJIOM OEryIiero cuera; APYyTruM CIEACTBHEM
ABIISIETCSI  COXPAaHEHHE  TOpsAJIKa TOYHOCTH CXEMbl HAa  HEPaBHOMEPHOM
MIPOCTPAHCTBEHHOM CETKE, COCTOSIIEH W3 IENbIX Y3J0B; 2) CXeMa HMMEET TPETHUid
MOPSIIOK  aMpOKCUMAllMM IO BPEMEHM Ha TIJIaJKUX PEUICHUSX, OHa SIBISETCS
TPEXCTAOAUMHOM, a Ha KaKIOW CTaAuM —  JBYXCIOWHOM;  IPEIJIOKEHBI
MPOCTPAHCTBEHHO-JIOKAIbHBIE BECOBbIe (YHKIUH, Oyiarogaps KOTOPBIM TMOPSAOK
anmpOKCUMAIIMU CXEMBI M0 BPEMEHH TOHMKAETCS C TPEThEro JI0 MEepBOTO BOIU3U
Pa3pbIBOB; 3) YHCIICHHBIE KCIIEPUMEHTHI MOKA3alH, YTO CXEMAa UMEET MOHOTOHHBIE
YUCJICHHBIE PEIICHUS B TAKOM K€ IIMPOKOM JUaIa3oHe JIOKanbHbIX uncen Kypanra,
yTO0 U €€ OJHOMEpHBIM aHaynor [6]; 4) cxema aOCOJIOTHO yCTOWYMBaA; 5) cxema
KOHCEpBaTHUBHA; 6) cXxemMa 3KOHOMUYHA.

PaGota BeimosHeHa npu (puHaHcoBOM mojaepxkke rpanta [IpaBurensctBa PO
nmo mnocrtaHoBiaeHWO N 220 "O Mepax NHO MNPHUBICYECHHUIO BEIYIIUX YYEHBIX B
poccuiickue  00pa3oBaTENbHBIE  YUPEKIEHUS  BBICIIETO  MNPO(ECCHOHATBLHOIO
obpazoBanus" mo goroBopy Ne 11.G34.31.0072, 3axkiIlOUYEHHOTO MEXIY
MuHnucrepcTBOM 00pa3oBaHuss U Hayku P®, BegymuMm y4éHbIM U MOCKOBCKHM
(U3UKO-TEXHUYECKUM UHCTUTYTOM (TOCY/IapCTBEHHBIM YHUBEPCUTETOM).

Cnucox 1umepamypol:
1. Kymuxosckuii A.T'., [loropenos H.B., CemenoB A.}O. MaTtemaTudeckue BOIPOCHI
YUCJICHHOTO PEIICHUs THUIEpOOJIMYECKUX CHCTeM ypaBHeHHUl. M.: duzMatiur,
2001. 608 c.
I'omynos C.K. // Mar. ¢6. 1959. T. 47(89). Ne 3. C. 271-306.
Xononos A.C., Xononos S.A. // JKBMuM®. 2006. T. 46. Ne 9. C. 1638-1667.
4. Toncreix A.M. KomnakTHble pa3HOCTHBIE CXEMbl U WX NMPUMEHEHHE B 3ajladyax
asporuapoanHamuku. M.: Hayka, 1990. 230 c.
Ocranenko B.B. // JKBMuM®. 2000. T. 40. Ne 12. C. 1857-1874.
6. Muxaimosckas M.H., Poros b.B. / XBMuM®. 2012. T. 52. Ne 4. C. 672—695.
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CETOYHBIE METO/bI PEHHEHUSA CIIEKTPAJIBHBIX 3A/TAY

C.U. CouoBbén’

"Kazanckuii (Tlpusonsicckuii) pedepanvhviii ynusepcumen,
sergei.solovyev@ksu.ru

Bapuanuonnast 3amadya  Ha COOCTBEHHbIE 3HAUeHHMs] B OECKOHEYHOMEPHOM
TMJIB0EPTOBOM  NPOCTPAHCTBE  ANIIPOKCUMUPYETCS  3aJadyel B~ KOHEUYHOMEPHOM
noanpoctpaHcTBe. Mccnenyercss cXoAMMOCTh M MOTPEIIHOCTh MPUOIMKEHHBIX PEIICHHM.
OO01mue pe3yapTaThl WILTIOCTPUPYIOTCS HA MIPUMEPE CXEMBI METOJAa KOHEUHBIX 3JIEMEHTOB C
YHUCIICHHBIM UHTEIPUPOBAaHUEM JUTsl TG depeHnanbHOM 3a1a4 BTOPOTo HOpsiiKa.

A variational eigenvalue problem in an infinite-dimensional Hilbert space is
approximated by a problem in a finite-dimensional subspace. We analyze the convergence
and accuracy of the approximate solutions. The general results are illustrated by a scheme
of the finite element method with numerical integration for second-order differential
eigenvalue problem.

AnnpokcuManusi N0 METOAY KOHEYHBIX 3JIEMEHTOB CTPOMUTCS C MOMOILBIO
BapUAIlMOHHOM TMOCTAaHOBKM HCXOJHOM 3aJjauM, KOTOpask €CTECTBEHHBIM O00pa3oM
BO3HHMKAeT U3 O0O0OOIIEHHOW MOCTaHOBKU AuddepeHnnansHoil 3a1aun. XO0poIio
M3BeCTHAs mepBas jemMa CTpeHra CBOJUT MOTPEMIHOCTh AlMPOKCUMAIUN PEIICHHUS
BAPUALIMOHHOTO YPABHEHUS K OLEHKAaM IIOTPEIIHOCTH JJIEMEHTa HaWIIy4lIero
MPUOIMKEHUS U3 KOHEYHOMEPHOTO MOANMPOCTPAHCTBA JIsl TOYHOTO PELICHUSI 3a1a4u
M TIOTPEIIHOCTH 3aMEHbl TOYHBIX OWIMHEHHONW U JuHedHHOW ¢dopM Ha
NpUOIKEHHBIE. DTOT pe3yibTaT UMeeT (PyHIaMeHTadbHOE 3HAYEHUE IJIsi METOoja
KOHEYHBIX JJIEMEHTOB M TMPUMEHSETCA NPU HCCICAOBAHUU  TOTPEIIHOCTH
KOHKPETHBIX CXEM METOJAa KOHEYHBIX 3JIEMEHTOB C YHMCJIEHHBIM WHTETPUPOBAHUEM
pemieHuss KpaeBblx 3anay il AuddepeHUranbHbIX YpaBHEHUN. AHATIOTHYHBIN
pe3yJIbTaT AJIs CIIEKTPAJIbHBIX 3a/1a4 rmosryueH B [1-3].

B noxmane 3TOT pe3ynbTaT (QopMyIHpyeTcs i 3aJadd Ha COOCTBEHHBIC
3HAYECHUS MIOJIOKUTEIIBHO-ONPEICIIEHHON OTPAaHUYEHHOU CHUMMETPUYHOU
OwIMHEeHONW (OPMBI OTHOCUTEIHHO BIIOJHE HEMPEPBIBHOW 3HAKOHEONPEIEICHHON
CUMMETPUYHON OWMIMHENHHON (HopMBbI B THIILOEPTOBOM MPOCTPAHCTBE. JTa 3ajaya B
o0I1eM ciyyae uMeeT MOCJIeI0BATEeIbHOCTh OTPUIATENBHBIX U MOCIE0BATEIHHOCTD
MOJIOKUTENIPHBIX ~ KOHEUYHOKPATHBIX  COOCTBEHHBIX  3HaueHui. OngHa U3
MOCJEA0BAaTEILHOCTEH  MOXET OTCYTCTBOBaTh WM OBbITh  KOHEYHOM.  [[s
OECKOHEYHOUW IIOCJIEIOBATEILHOCTH COOCTBEHHBIX 3HAUEHHM OJHOTO 3HAaKa
€IMHCTBEHHOM MpeeIbHON TOYKOW MOXKET OBITh TOJIBKO OECKOHEYHOCTh TOTO JKE
3Haka. COOCTBEHHBIM 3HAYEHHUSM COOTBETCTBYET OPTOHOPMHUPOBAHHAS CHUCTEMa
COOCTBEHHBIX 3JIEMEHTOB, 00pa3yroias 6a3uc B OPTOTOHAILHOM JIOMIOJTHEHUH K SJIPY
BIIOJIHE HEMPEPHIBHOW OWIMHEWHOU (PopMbl. 3aaeTcs CEMENHCTBO KOHEYHOMEPHBIX
MOAMPOCTPAHCTB THUJIHLOEPTOBA MPOCTPAHCTBA W JIBA CEMEHCTBA CHUMMETPHUYHBIX
OWwIMHEeWHBIX  (HOpPM, aNMPOKCUMUPYIOIMIUX THUILOEPTOBO  MPOCTPAHCTBO H
ownmmHelinple GopMmbl 3amaun. VcxomHas 3amada anmpoOKCHUMHPYETCS CEMENCTBOM
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KOHEYHOMEPHBIX 3a/lad, MOJyJaroluXcsl 3aMEHOW HWCXOJHBIX JaHHBIX 3a/Jaud Ha
npuOmmwKeHHble. JloKka3zaHa CXOAMMOCTh MPHUOIMKCHHBIX PEIIEHUH K TOYHBIM.
[TomydeHbl OILIGHKH TOTPENTHOCTH MPHOIMKCHHBIX COOCTBCHHBIX 3HAYCHHN W
COOCTBEHHBIX MOJMPOCTPAHCTB HYepe3 IOTPENIHOCTH, BHOCHMBIC B JIaHHBIC TpHU
anmpokcumanuu 3anayr. OOume pe3yiabTaThl NPUMEHSIIOTCS MPHU BBIBOJIE OLIEHOK
MOTPEITHOCTA METOJIa KOHEYHBIX 3JIEMEHTOB C YHCICHHBIM WHTCTPUPOBAHUEM IS
OJTHOMEpHOW 3HaKOHeompeaeneHHOW nuddepeHInaIbHON 3a7a9d Ha COOCTBEHHBIC
3HAYCHUS BTOPOTO TOPSIKA.

WznoxxkeHnne pe3ynbTaToB omupaeTcs Ha pabotel [1-3].  AHamorudnbie
pPEe3yNbTaThl CIPABEIIMBEI TAKXKE JIJIT HECAMOCOTPSDKEHHBIX 33/1ad Ha COOCTBEHHBIC
3HaveHus [4,5] u HeMMHEHWHBIX 3a/1a4 Ha COOCTBEHHBIEC 3HaUeHUs [6].

Pabora moxpaepkana ¢ongom I'ymGoasara (Alexander von Humboldt

Foundation) u Poccuiickum donmoM QyHIaMEHTAIBHBIX UCCISAOBaHUIM (rpaHThl No
11-01-00864, 12-01-97026, 13-01-00908)

Cnucok numepamypbi:
Conoswes C.1.//Iudpdepernuanpapie ypaBaerus. 2010. T.46. Ne7. C.1022-1032.
Conoswes C.1.//Iudpdepennuanpapie ypaBaerus. 2011. T.47. Ne8. C.1175-1182.
Conoswes C.1.//[Iudpdepernmanpapie ypapHeHus. 2012, T.48. No7. C.1042-1055.
ConosbeB C.M.//Yu.3anucku Kazan. roc. yH-ta. ®U3nKko-MaTeMaTUYeCKUE HAYKH.
2006. T. 148. Ne 4. C. 51-62.
5. Conoswe C.H.// Cerounbie MeTOABI JUIsl KpaeBbIX 3a1a4 U npuioxenus. 2010. C.
394-400.
6. ConoBeeB C.M. HenuneitHpile 3amadyu  Ha  COOCTBEHHBIC  3HAYCHMS.
[Tpubamxennsiec metoasl. LAP Lambert Academic Publishing, 2011.
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R-MOJIU®UKALUA METOIA I'AYCCA
IL.H. Copokun’, H.H. Yennosa®
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B noxnage usywaetrcs R-momuduxanus metoma ['aycca misi pemieHds CHUCTEMBI
JIMHEMHBIX YPABHEHUM U TIOJIYYEHBI OLIEHKH BEYIIUX 3JIEMEHTOB.
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R-modification of Gauss method for solving the system of linear equations is studied
and estimations of the leading elements are obtained.

Onpenenenue. Ilycts ke NT, matpuiia AeM K (R) ¢ wmarpuuHBIMH

onementamu  (A); j< R, 3aHyMepoBaHHBIMH Napoil HHEeKkcoB i, j=1 k. Ilycts

BEKTOpa-cTOJONBl X, b e Rk ¢ koopauHatamu (X);,(b); € R, 3aHymepoBaHHBIMHU

AHIEKCOM | :1,_k.

R-momudukanuerr meroma [laycca st pemieHuss CHUCTEMBI  JIMHEWHBIX
ypaBHEHHUH (¢ MaTpuIiei A, paBoii 4acThio D OTHOCHUTEIBHO HEM3BECTHOTO X )

2 (A),;- (), =(b), Vi=Lk (1)

1< j<k

Ha3bIBACTCS AJTOPUTM, OTIMYAIOINIMICA OT Meroma [aycca BBIOOPOM BeIyIIETO
ayieMeHTa N-ro mara, rae N=1 k —1. [Tycte A=A b =p.

Benymum snemenToM N-ro mara, rae N=1 K —1, Ha3piBacTCI MaTpHYHBINA
onement marpurst A" A"V ueit momep (i, j,) sBisercs mepeeM B
JEKCUKOrpauyeckoM TMOpsSAKE M 4Yell MOAYJIb MaKCUMaJeH Cpeau MOayJel
MaTPUYHBIX DJIEMEHTOB (A(nfl))

> THC i,j=nkK.
IIycth
w, =(A™D), T, =[w,|= max |(A™), | )

nsi, j<k
Ecim W, =0, TO anroputMm 3akaHuumBaeT paboTy c cooOmeHueM: “Marpuma A
BBIPOXKJICHA’, WHA4Y€ BBIYMCISIOTCA MaTpuila A"y BEKTOP-CTOJIOCI] b™ . Dru
BBIYMCJICHUS 3a7at0T N -biif mar R-moaudukanum metona "aycca.

Buauane samagum AW = AV p™ =p™ Ecmm iy #n, To

(B"), = 0"),,(6), =6,

(A5 = (A"), ;1 (A") 5 =(A"), 5, vi=nk.
Ecmm j,#n, o
(A7), = (A" D) (A"), =(A"),, Vi=nk.

[TpoKCXOAUT TaKXkKe NEpEHyMepaLus KOOPAMHAT HEU3BECTHOIO X
d=(X),, (,=0;, (x;=d.
3arem nepecuntbiBaeM 3Hauerns AV u b mim i=n+1k, j=nk
A=A, 1wy (6), =6, -5 ("),
(A(n))i,j - (A(n))i,j _é‘i ’(A(n))n,j-

Teopema. Ilycts mpu N=1 k-1 B ycmoBusax onpexmenenus ', — mMomynb
BeayIlIero 3jieMeHTa N-ro mara R-moaudukanuu metona I'aycca. Torna:
1. r,,<2r,n=Lk-1. 3)

n+l —
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2. TI,..,=2-T,, n=1k-1neBo3moxuo npu K >3.

3. I..,>@+6)-I',, n=Lk-1, 0<6<1, HeBo3moxno npu K =K,
rae K, >1 — BTopoe 1o BeIn4uHe 3Ha4eHUE, 11 KOTOPOTO CIPaBEATIHBO
ko'< (L+ @) o™,

4, I,=2-(1+1/(n-3)), T, =T, -(1—]/(n - 2)2) mpu N=4,Kk s

marpunsl Ae M, (R) Takoi, uto (A). . = L !:mOdk(_Hl)’ Vi, j=1k.
“ " 1, j=mod, (i+1)
1 k ’

Pabora nogaeprxana rpanrom PODU (kox mpoekra 12-01-00960).
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1. baxsanos H.C., Xugxos H.II., Kob6eaprkoB I'M. Uucnenuele MeTOObl //
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P.N. Sorokin', N.N. Chentsova®
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YCEUYEHHBIE YCJIOBHUA MOJHOM MPO3PAYHOCTHU
JIJI1 CACTEM I'MINEPBOJIMYECKUX YPABHEHUIA
BTOPOI'O ITOPAJIKA

N.JI. Codpponon

MHI] «lllnrombepoicey,
isofronov@slb.com

Nznoxena Tteopus mnomydeHus aud@epeHInanbHOTO OlepaTopa, BXOIALIET0 B
MIPO3pavHble TPAHUYHBIC YCIOBHUS.

Theory of deriving differential operator appearing in transparent boundary conditions
is presented.

[Ipumenenue mnpo3paunbix rpaHudHbix ycnoBui (III'Y) [1] mns pemenus
runepooJMYecKuX 3a7ad B  OTKPBITBIX O0JIACTAX TO3BOJISIET  HCIOJIb30BATh
BBIYMCIIUTENbHBIE 00JacTH MHHUMAIBHOTO pa3mepa, mockoibky I[II'Y sBastorcs
TOYHBIMU 1O omnpexaeneHuto. OcHoBHOW HenoctaTtok III'Y — Hanmuuue HemoKalbHOU
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4acTH OIlepaTopa, KOTOPYIO CIIOKHO TONYYUTh M, TeM Oojiee, peamu3oBaTh B
HETPUBHAIBHBIX ClIy4yasx. UMCIEHHBIN MOAXOJ MOCTPOEHHUSI KBa3MAHAJIUTUUYECKHUX
[IT'Y [2], ynoOHbIX JUisi BBIYUCIEHHM, UCTIONIb3yeT Dyphbe paszinoxkeHue no 6a3ucHbIM
(GYHKUIMSIM Ha OTKPBITOM TPaHUIIE B COUYETAHUU C MPEJCTABICHUEM SIFIEP CBEPTOK IO
BPEMEHU CyMMaMHM SKCIIOHEHT. boiiee mpocToil crnocod MMUTAIMU HEOTPAKEHUS OT
OTKPBITBIX TPAHUIl COCTOMT B OTOpachlBaHUM HeEJIOKalIbHOW 4actu omeparopa [TV,
T.. B HMCHOJB30BaHUM TOJBKO IU(PPEPEHIINANIBHOIO ONepaTopa, BXOMASIIET0 B €ro
dbopmyns [3]. Mbl Ha3eiBaeM Takue ycinoBus yceueHHbIME [TV,

B nmoknmage npencraBneHa teopuss yceueHHbix 1Y gns cucrem
rUnepOOTMIEeCKUX YPAaBHCHH BTOPOTO TMOPSAKA, BBIMUCAHBI (DOPMYIBI ISl psma
3a7a4 JUHAMUYECKON YIIPYTrOCTH U TPUBEACHBI YUCIICHHBIE TPUMEPHL.

Pa6ora nognepxana PODU (rpant Ne 13-01-00338)

Cnucox rumepamypol:
1. Codponos N.JI. // Joxmamst PAH. 1992. T. 326. Ne 6. C. 453-457.
2. Sofronov I.L, Zaitsev N.A. // J. Comp. Appl. Math. 2010, V. 234. P. 1732-1738.
3. Codponos N.JI. // Noxmaasr PAH. 2009. T. 426. Ne 5. C. 602-604.

I.L. Sofronov
«Truncated transparent boundary conditions for second order hyperbolic systemsy
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IDDEKT OB'I)EMHQFI BsI3KOCTH B UEPAPXUH
ACUMTOTHYECKU YIIPOILIEHHBIX YPABHEHHNUUN HABBE-CTOKCA

B.B. Poros’, A.B. Ynkurkus®, T.A. Tnpcmlp“l3

YUTIM um. M.B.Kenoviwa, M®OTH, rogov@post.ru
M®TH, alexchikitkin@gmail.com
SM®TH, tirsky@imec.msu.ru

B paboTe kauecTBEHHO M YUCIEHHO UccaeayeTcs BausHue Koapduurenta 00bEMHON
BA3KOCTU (K.0.B.) Ha CONPOTUBIICHHE U TEIUIOOOMEH B CBEPX3BYKOBOW U T'HMIIEP3BYKOBOMU
a’poJIMHaMMKe B pamKkax ypaBHeHulM HaBpe-CTOkca M MX aCUMOTOTHYECKU YMPOIIEHHBIX
BapuaHToB. [lonpoOHO nccnenyercs 3agada o CTPYKType yAapHOU BOJHBI.

Influence of the bulk viscosity coefficient on drag and heat transfer in supersonic and
hypersonic aerodynamics is investigated in the framework of the Navier-Stokes equations
and their asymptotically simplified versions. A detailed study of of the shock wave structure
is presented.

B HacTtosimiee BpeMs H3BECTHO, XOTS M HE JOCTATOYHO IIUPOKO, YTO
kimaccuueckass (opma ypaBHenumii Haswre-Ctokca-®dypbe (manee Habne-Crokca)
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MIPUMEHMMA B JIY4YLIEM CIIy4ae TOJIbKO K OJHOATOMHBIM ra3am (He, Ar, Ne), npu atom
npuMeHnsieTcs runore3a Ctokca: 00bEMHAs BSI3KOCTh paBHA HYJIO: 4, =0[1].

OTa THIOTEe3a, KaK MPABHIIO, MOJIYAIUBO MPUHUMAETCS W IO CEH JICHb NpHU
pEIICHNH 3aJ1a4 a3pOTEPMOIMHAMUKHN B paMKaXx IMOJIHBIX ypaBHeHHH HaBhe-CTokca u
WX YIPOMEHHBIX BAPHAHTOB U K MHOTOATOMHBIM Ta3aM, B YaCTHOCTH K BO3AYXY, K
atMocdepam miaHeT, coaepxkanmum CO,, H,. OmHako, Ajis MOJICKYJSPHBIX Ta30B C
BHYTPEHHUMH CTEIIEHSAMHU CBOOOIbI (PEHOMEHOJIOTHYSCKUN M KHHETUICCKHIA BBIBOIBI
OTPEIEIISIONIETO YPAaBHEHUS ISl TEH30pa HANPSDKEHU AatoT [2]:

F,s:(_p+prel+ﬂbv'6)i+2,uéo,éo:é—1/3V'Dr (1)
rie P- JaBJEHHUE, P, - PEIAKCAIMOHHOE [aBIICHHE, | -MeTpuueckuii TeH3op, é -

TeH30p ckopocTed paedopmanuu. K.o.B.y nosBisercs u3-3a Hanuuusg oOMEHa

SHEpPrued  MEXIQy IOCTyHaTeIbHbIMA W BHYTPEHHUMH  Mojaamu. Ecnwm
IpEeIoJIaraeTcs, YTO BCE 3TU MIPOLECCHl ObICTPBIE, MOSBISETCS OUH K.0.B., KOTOPBIN
IPOMOPLMOHANIEH BPEMEHAM peJlaKCallii MIPOLECCOB 0OMEHA, U O3BOJISIET YUECTh UX
0€3 CyLIECTBEHHOIO YCJIOXHEHUS YPAaBHEHUI MOJENHU. P, B JaHHOH pabore He

paccmarpuBaercs [3].

N3 Beipaxkenus (1) cienyer, 4To BKJIaJ 00bEMHOM BA3KOCTU TEM OOJIbUIE, YEM
CHWJIbHEE CKHMAEMOCTh TEYEHHS, IMO3TOMY YUY€T K.0.B. OCOOCHHO BaK€H MJIA
CBEPX3BYKOBBIX TEUYECHHUHM, TIJI€ CKHAMAEMOCTh BEJIIMKA B YAAPHBIX BOJHAX W
ITOIPAHUYHBIX CIIOSIX.

B nannoit pabore mpoBomuTcs ux aHanu3 ypaBHeHud H.-C. Ha mnpemmer
NOSIBJICHUS K.0.B. B aCUMITOTHMYECKH YINPOUIEHHBIX MOAENsAX. B ypaBHeHus Oyayt

BXOOUTH wieHbl mopsimka O(u Re™), koTopble aJIsi HEKOTOPBIX ra3oB (HAIpHMED,
b

s CO, g ~10°), GymyT HeckonbKo NOPSAKOB Oojblie uyuceld PeiiHonmbiaca.

[TosTromy nans OONbIIMX 3HAYEHUH K.0.B. TEOPHUS TOTPAHUYHOIO CJIOSI PAa3HOTO
NopsJKa JOJKHA OBITh IEPECMOTPEHA.

B paborte neranbHO uccienyercst CTpykTypa (GppoHTa yIapHOH BOJIHBI C YYETOM
K.0.B. Pa3zpaboTaH uunciaeHHble METOJ Uil aKKypaTHOro pacuéra. [loka3aHo oueHb
XOpouIee COBIAJECHNUE PACYETOB C IKCIIEPUMEHTAIBHBIMU TAHHBIMU MPHU YYETE K.O.B.
Pacuérsl mo monmenu ITYHC Takxke NeMOHCTPUPYIOT CHIBHOE BIUSIHUE OO0BEMHOMU
BSI3KOCTH HAa OCHOBHBIE XAPAKTEPUCTUKHU TEUEHUS.

Pabota BbeImosiHeHa npu (prHaHCOBOW mojAepxke rpanta [IpaBurenscTtBa PO
nmo mnocrtaHoBiaeHMO N 220 "O Mepax NHO MNPUBICYECHHIO BEIYIIUMX YYEHBIX B
poccuiickue  00pa3oBaTelbHBbIE  YUPEKIEHUS  BBICIIETO  MpO(EecCHOHATBLHOrO
obpazoBanus" 1o goropopy Ne 11.G34.31.0072, 3aKkiatOUYEHHOTO MEXKIY
MunucrtepctBoM oOpa3oBaHusi U Hayku P®D, Beayumm yd€HbIM U MOCKOBCKUM
(U3HKO-TEXHUYECKUM UHCTUTYTOM (TOCYIapCTBEHHBIM YHUBEPCUTETOM).

Cnucox numepamypol:
1. G.G. Stokes // Math. Phys. Papers. 1880. T. 1.
2. Kmanop B.M., AmumeBckmii M.S. Ilpomeccel mnepeHoca W pejakcaluud B
MoJIeKyJIsIpHBIX ra3ax // M.: Hayka. 1989. 336 c.
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3. HarmubGema E.A., KycroBa E.B. Kunernueckass Teopusi mpoIeccoB mnepeHoca u
perlakcani B IOTOKaX HEpPaBHOBECHBIX pearupyroomux razoB [/ CIIo.:
NznatensctBo C.-IletepOyprckoro yuusepcuteta. 2003. 272 c.

B.V. Rogov', A.V. Chikitkin?, G.A. Tirsky®

«Effect of bulk viscosity in the hierarchies of the asymptotically simplified
Navier-Stokes equationsy

'Keldysh Institute of Applied Mathematics, Moscow, Russia, rogov@post.ru
“Moscow Institute of Physics and Technology, Moscow Region, Dolgoprudny, Russia,
alexchikitkin@gmail.com

*Moscow Institute of Physics and Technology, Moscow Region, Dolgoprudny, Russia,
tirsky@imec.msu.ru

CPABHEHUE HESIBHBIX PASHOCTHbBIX CXEM
JJIA PEHHIEHUSA YPABHEHUU HABBE-CTOKCA
CKUMAEMOI'O I'A3A

B.A. Turapes'?, C.B. V TIO)KHHKOB

'BIJ um. A.A. Jopoonuywina PAH, Mockea, Poccus, titarev@ccas.ru
2 M®TH, Mockea, Poccus,
3YHueepcumem Manyecmepa, Beruxobpumanus,
s.utyuzhnikov@manchester.ac.u

B pabote nmpoBOAUTCS CpaBHEHHE HESIBHBIX KOHEYHO-OOBEMHBIX CXEM ISl PEIICHUS
ypaBHeHunii HaBpe-CTokca ckmmaeMoro rasza. /s BBIOpaHHBIX TECTOBBIX —3ajad
UCCIEAYIOTCSA CXOAUMOCTh IO CETKE, MacCIITaOMPyeMOCTh U BIUSHHE Pa30MEHUs CETKU Ha
OJIOKHM Ha CKOPOCTb YCTAHOBJICHHUS CTAIIMOHAPHOTO PEIICHUSI.

The paper concerns comparison of finite-volume schemes for solving the
compressible Navier-Stokes equations. For a number of problems mesh convergence,
scalability and the influence of mesh partitioning on the steady-state convergence are
investigated.

B nab6oparopun “FlowModellium” M®TU Benercs pa3paboTka YHCICHHBIX
METO/IOB M TaKeTa MpOrpaMM ISl PEIICHHS] TPEXMEPHBIX CXKUMAEMbIX ypPaBHEHMIA
HaBpe-CTOKCa XMMUYECKHM pEarupyroniero ra3a Ha OCHOBE CYIIECTBYIOILLIETO 3ajesa
y4acCTHUKOB TpoekTa [1-3]. B HacrosmeM gokiaae OyJeT NpecTaBiIeHO JIeTalbHOE
CpPaBHEHUE HECKOJbKHX HESBHBIX METOJOB pEIIECHUs CTallMOHApHBIX 3ajady,
MOJIy4aeMbIX NMPU KOMOMHMPOBAHUU MOJHOCTHIO TpeXMEpHOH [2,3] MM JOKaIbHO
OJIHOMEPHOM  anmpOKCUMAalHUd KOHBEKTHUBHBIX IPOM3BOJHBIX, KOHBEKTHBHBIX
notokoB PycanoBa, HLL u HLLC [4] u AByX METOJMOB AMCKPETHU3ALNU BSI3KUX
4JIeHOoB [5,6].
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B xadecTBe mprMepoB pemIatoTcs 3a/1aui O IOTPAHUYHOM CJIO€ Ha IUIACTHUHE U
TUIEP3BYKOBOM OOTEKAaHMM 3aTYIUJIEHHBIX Tell. PacueThl MpOBOJATCS Ha KiacTepe
nabopaTopuu ¢ UCOJIb30BaHueM A0 128 saep. MccnenyroTesi cCXOOUMOCTb 1O CETKE,
MacmTabupyeMocTb U BIMSHHE pPa30MEHUsi CETKM Ha OJOKM Ha CKOPOCTh
YCTAHOBJICHUSI ~ CTAI[MOHAPHOTO  PEIIEHUS NpPU  HUCIOJIb30BAaHUU  HESABHOMU
muckperusanuu 1mo BpeMenu tuna LU-SGS [7,8]. OcHOBHBIM KpUTEpHEM KadecTBa
YUCJICHHBIX PE3yJIbTaTOB SBJSETCS TOYHOCTh BBIUMCICHUS TMOTOKAa Temia K
MOBEPXHOCTU U KOAPPUIIMEHTA TPEHHsI AJIsl pa3IMuHbIX yncen Maxa u PeitHonbzaca
Ha0eraroniero noToka.

Pabota mogneprxkana rpantom IIpaButensctBa PO mo IlocranoBnenuto N 220
"O Mepax MO NPUBJICYEHUIO BEAYIIMX YYEHBIX B POCCHUIICKHE 00pa30oBaTelIbHbIC
YUpPEXKJIEHUSI BBICHIETO TPO(ecCHOHANBHOrO o0pa3oBaHus" 1O J0TrOBOpYy Ne
11.G34.31.0072, 3akimtoueHHOMY Mexay MHUHHCTEpCTBOM 00pa3oBaHusi U Hayku PO,
BeIymUM  Y4€HbBIM U MOCKOBCKMM  (PU3BHKO-TEXHUYECKUM  HUHCTUTYTOM
(rocy1apCTBEHHBIM YHUBEPCUTETOM).

Cnucox 1umepamypol:

1. Utyuzhnikov S.V. and Nabiev, V.U. Numerical investigation of 3D supersonic
viscous nonuniform flows past blunt bodies // J. of Fluid Dynamics. 1999. V.34,
No. 6, pp. 906-911.

2. Dumbser M., Kaser M., Titarev V.A., Toro E.F. Quadrature-free non-oscillatory
finite volume schemes on unstructured meshes for nonlinear hyperbolic systems //
J. Comp. Phys. 2007. V. 221. - No.2, pp. 693-723.

3. Tsoutsanis P., Titarev V.A., Drikakis D. WENO schemes on arbitrary mixed-
element unstructured meshes in three space dimensions // Journal of
Computational Physics. 2011. V. 230, pp. 1585 — 1601.

4. Toro E.F. Riemann solvers and numerical methods for fluid dynamics. Springer-
Verlag. 2009. Third Edition, p. 724.

5. Dumbser M. Arbitrary high order PNPM schemes on unstructured meshes for the
compressible Navier-Stokes equations // Computers & Fluids. 2010. V. 39 N. 1.
p.60--76.

6. Frink N.T. Assessment of an unstructured-grid method for predicting 3-D
turbulent viscous flows // AIAA-96-0292. 1996.

7. Men'shov I.S., Nakamura Y. An implicit advection upwind splitting scheme for
hypersonic air flows in thermochemical nonequilibrium. 1995. A Collection of
Technical Papers of 6th Int. Symp. on CFD. V. 2. Lake Tahoe, Nevada. 815 p.

8. Men'shov 1.S., Nakamura Y. On implicit Godunov’s method with exactly
linearized numerical flux // Computers and Fluids. 2000. V. 29. N. 6. P. 595-616.

V.A. Titarev'? S.V. Utyuzhnikov*®
! Dorodnicyn Computing Centre of RAS, Moscow, titarev@ccas.ru
> MIPT, Moscow, Russia,
*Manchester University, UK, s.utyuzhnikov@manchester.ac.u
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TOYHAJS PASHOCTHAS CXEMA U151 OTHOMEPHbBIX YPABHEHUM
AHU3O0TPOITHOU JTUDPDY3UU U3JTYUEHUSA

A.B. ]_HI/IJIBKOBl, B.A. Toirusin’

YUTIM um. M.B. Kenoviua PAH — Mockea,
ale-shilkov@yandex.ru
2UTIM um. M.B. Kenowuua PAH — Mockea,
trititaty@gmail.com

PabGora mnocesmeHa pa3paboTKe TOYHOM Ppa3HOCTHOM CXEMbl JJisi pEUIeHHs
OJJHOMEPHBIX 3a/1a4 JUIsl ypaBHEHHsI TIEpeHoca B MPUOIMKEHHH aHU30TponHON auddy3un B
TUTOCKOH, HWIMHAPHYECKON U C(hepUIeCKOil TeOMETPHSIX.

The paper considers development of the exact finite-difference scheme for solving
one-dimensional problems for transfer equation in the anisotropic diffusion approximation
in the plane, cylindrical and spherical geometries.

CornachHo knaccudukanuu Tuxonoa A.H. u Camapckoro A.A. [1] «rounasy»
pa3HOCTHas cxema — 3TO CXeMa, KOTOpasl BOCIPOU3BOJUT TOYHOE AHAIUTUYECKOE
penieHre cucteMbl Tud@PEepeHIMaTbHBIX ypaBHEHUN BHYTPH MPOCTPAHCTBEHHBIX
A4eeK C OJHOPOJIHBIMU (u3nyeckumu cBoiicTBaMu. Ha rpanunax sdeek, rie
KOO PUIIMEHTHI U HCTOYHUKH YPaBHEHHUW MOTYT HUMETh Pa3pbIBbl, MPOU3BOJAUTCS
CIIMBKA PEIICHUI U3 COCETHUX SUYEEK WM YBsI3Ka PEIICHUS C KPAeBBIMU YCIOBUSIMU
Ha BHEIIHEW TpaHUIIE pacyeTHOW oOsacTu. Pe3ynpbTaToM SBISETCS «TOYHAS
Pa3HOCTHAs cXeMa UCXOAHOU auddepeHITnaIbHON KpaeBoil 3a/1a4u (C TOUHOCTHIO JI0
ampPHOPHBIX  TPEIIOJIOKCHUN, TMPUHUMACMBIX TP 3aJaHUM  TTOBEIACHUS
KO3(PUIIMEHTOB M UCTOUHUKOB BHYTPH siueeK). B oTiinune oT OOBIYHBIX pa3HOCTHBIX
CXeM, B «TOYHOW» PA3HOCTHOM CXE€Me€ He JENaeTCs aNmpUOPHBIX MPEANONIOKCHHNA
OTHOCHUTEJIHLHO IMOBEICHUS HCKOMBIX (DYHKIIMA BHYTPH STUCCK.

Panee TouHast pa3HOCTHas cxema AJid YpaBHEHUN aHU30TPONHOU Auddy3un B
OJTHOMEPHOM IJIOCKOH 3ajaue Oblia moctpoeHa B [2], (cM. Takxke [3]). JlanHas paboTa
pactpocTpaHsieT TOYHYIO CXEMy Ha OJHOMEpHBIE 3aJaydl C IMJIMHIPUYECKON H
chepuuecKoil CHMMETPHSIMU.

OCHOBHBIM JTOCTOMHCTBOM «TOYHO» PA3HOCTHOM CXEMHI SIBIIIETCS TO, YTO OHA
(B oTiuMe OT OOBIYHBIX CXE€M) HE TEpsIeT alnmpOKCUMAIIUU B OMTHYECKH TOHKUX U
ONTHYECKH TOJICTBIX SUEHWKaX MPH MOCTAHOBKE €CTECTBEHHBIX T'PAHMYHBIX YCIOBHMA
Ha TPaHUIIe pacYeTHON 00JIacTH.

[IpoBomuTCs cpaBHEHUE PE3yJbTATOB PACUETOB, BHIMOJHEHHBIX MO TOYHOU U
O0OBIYHOM CXeMaM.

OO6cyxmaroTcs BOMPOCH MPAKTUIECKOTO MUCTIONB30BAHUS CXEMBI MPU PEIICHUN
MPHUKITATHBIX 3a7a4.
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Cnucok aumepamypbi.:

1. TuxonoB A.H., Camapckuii A.A. OO0 OJHOPOJHBIX PA3HOCTHBIX cXemax. //
KypHan BBIUMCIUTEILHON MaTeMaTUKU U MaTeMaTudeckor ¢uzuku. — 1961, —
T.1.—Ne 1. — C. 6—63.

2. TuxonoB A.H., Camapckuii A.A. OpnHOpOAHBIE pPa3HOCTHBIE CXEMbI Ha
HEpaBHOMEpPHBIX ceTkaX. // JKypHasm BBIUMCIWUTEIBHOM MaTEeMaTUKU U
mateMatuyecko ¢pusuku. — 1962. — T. 2. — Ne 5. — C. 812—832.

3. Camapckuit A.A. BBenenue B Teopuio pa3HOCTHBIX cxeM. — MockBa: Hayka,
1971. — C. 140—999.

A.V. Shilkov', V.A. Tygliyan®
«Exact finite-difference scheme for one-dimensional equations of anisotropic
diffusion of radiation»
'Keldysh Institute of Applied Mathematics, Moscow, Russia, ale-shilkov@yandex.ru
?Keldysh Institute of Applied Mathematics, Moscow, Russia, trititaty@gmail.com

METO/ JEKOMITIO3UIINU BE3 NEPEKPBITUS ITOJOBJIACTEM _
JJIA MOIAEJIMPOBAHUSA NIPUCTEHHBIX TYPBYJIEHTHBIX TEYUEHUU

C.B. YTI0O:)KHUKOB

The University of Manchester —U.K.,
s.utyuzhnikov@manchester.ac.uk
MOTH - Lloneonpyonuwiii, Poccust

[Toka3piBaeTcsi BO3MOKHOCTh PEaTU3allMi JIEKOMIIO3UIIMKA PACUETHOM OOIacTH s
MOJICTTUPOBAHUS TIPUCTCHHBIX TypOyJNeHTHBIX TeueHui. [Ipu TakoMm moaxone TpaHUUYHOE
YCIIOBUE CO CTEHKHM TIEPEHOCUTCS HAa HCKYCCTBEHHYIO MPOMEXKYTOUHYIO TpaHUILY
MPEeUMYLIECTBEHHO BHE JIaMUHApHOrO Mojcios. B obmeM ciiyyae BO3HUKaOIINE
TPaHUYHbIE YCIOBUS SIBJIAIOTCS HEOKAJIbHBIMHU.

A non-overlapping domain decomposition is developed for modelling near-wall
turbulence flows. Boundary conditions are transferred from the wall to an interface
boundary predominantly situated outside the laminar sublayer. This leads to nonlocal
interface boundary conditions.

[IpuMeHeHue BBICOKOPEUHOIBIOCOBBIX MoOJIeNeld TypOYJEHTHOCTU TpelyeT
MIOCTAHOBKY I'paHW4YHbIX yciioBui (I'Y) Ha BHEIIHEH TpaHUIle JTaMUHAPHOIO MOJIJICOS,
94acTO Ha3bIBa€MbIX MpUCTCHHbIMU (PyHKIusMu. Kak mpaswiio, Takue ['Y sBisitoTcs
MOJIyDMIIpUpUUECKUMHU. B Hacrosimedt paboTe, moiaydeHbl mpucteHHeie [Y ¢
MOMOLUIBIO MPUOIMKEHHOTO nepeHoca ['Y co CTeHKH Ha UCKYCCTBEHHYIO rpaHuily. B
MPOCTPAHCTBEHHOW MOCTAHOBKE Takue ['Y sBISIOTCS HeloKaabHbIMU. [loka3piBaeTcCs
CYIIIECTBEHHOCTh HENOKalmbHBIX [Y ® paccMaTpuBarOTCS OCOOEHHOCTH HX
peanuzaruu. [IpogeMoHCTpUpOBaHbl OCOOCHHOCTH TepeHoca ['Y s CylecTBEHHO
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HeCTallMHApHBIX TeueHuil. [lokazaHo, 4TO MOJENHM, OCHOBaHHBIE HAa CTaHAAPTHBIX
NPUCTEHHBIX QYHKIUAX HEMPUMEHUMBI IIPU TAKUX PEKUMaX.

PaGora BeImoaHeHa npu mnoaaepkke rpaHta IlpaButensctBa PO 1o
[Toctanosnenuto N 220 "O Mepax Mo NPUBICYEHUIO BEAYIIUX YUEHBIX B POCCUNCKHE

o0Opa3oBaTelbHbIC YYPEKJACHUS BBICIIETO MPOPECCHOHATBLHOTO 00pa3oBaHuA" TIO
noroBopy Ne 11.G34.31.0072.

Cnucox 1umepamypol:

1. Utyuzhnikov S.V.// “Interface boundary conditions in near-wall turbulence
modeling”. Int. J. Computers & Fluids. 2012. 68, cc.186-191.

2. Utyuzhnikov S.V.// “Domain decomposition for near-wall turbulent flows”, Int. J.
Computers & Fluids. 2009. 38 (9), cc. 1710-1717.

3. Utyuzhnikov S.V.// “Robin-type wall functions and their numerical
implementation”, J. Applied Numerical Mathematics. 2008. 58(10), cc. 1521-1533.

4. Utyuzhnikov S.V.// “The method of boundary condition transfer in application to
modeling near-wall turbulent flows”. Int. J. Computers & Fluids. 2006. 35 (10), cc.
1193-1204.

KOHTPOJIb INPUHBI TAT'A ITPU YUCJIEHHOM NCCJIIEAOBAHUU
CXOIMMOCTHU ITIOJIMHOMA UHTEPHOJIALNHU
IKCHEPUMEHTAJIBHBIX TAHHBIX

O.I. Ynxko

Mocxoesckuui Ixonoeuueckuu Llenmp, Poccus,
oleg.tschischko@ingenieur.de

[IpoBeneHO MaTEMAaTHYECKOE MOJACIMPOBAHUE XHMHUYECKOTO COCTaBa CHUCTEMBI,
MOJIYYCHHON TIPU CTOpaHUM TBEPABIX IUIA3MOO0OPA3yIOMIMX TOIUIMB. METOIOM CIUTaifHOM
MOJTy4eHbl (DYHKIIUU HU3MEHEHUsI TEIMJIOEMKOCTH KOMIUIEKCHBIX COEIUHEHUN aFOMUHUS.
N3ydyeHo BIMsSHUE HEBSA3KH U MOTPEIIHOCTH AUCKPETU3ALMU HA TOYHOCTH alIIPOKCUMALINU
AKTUBHOCTEN CMECEBBIX KPUCTALUINYECKUX BELIECTB.

We introduce the mathematical model of computation for the chemical content of
systems, which are produced during the burning processes of solid plasma-spraying fuels.
The functions for heat capacities of complex aluminum-containing compounds were
interpolated with help of the spline method. We study an influence of the local and global
discretization errors on the approximation of activities for oxide composites.

HaitneM  4ncieHHOe  pelieHuMe  4YacTHOM  IPOM3BOJHOM  YPaBHEHUS,
MOJy4EHHOI0 CIUIAaHAMHM 10 JAaHHBIM  KaJIOPUMETPUYECKOTO aHaIu3a, I
npuBeAeHHOM 3Heprun I'nboca

AR D°(T)=f(T,D°(T)), D°(298,15)=Aro, TEI(Ty, To+H), (1)
MeToJlaMu Dijiepa MepBOTO ¢ HEBS3KOW puOIkeHus [ 1]
T = (Gn— Pn)/N = F(Th2,p na(T)), n=0, ..., N, (2)
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XeiiHa (Tpanenuii) BToporo u Pynre-Kyrra ueTBepTOro nopsiakos.

B Tabmune 1 BeiBeacHa OommOKa AUCKpeTu3anun e,=mMaXox<n||P°(Tn) — dn(T)||
B MpeanonokeHnn KoHBepreHTHoctu ®°(298,15) u ¢y, a Taxke KOHCUCTECHTHOCTH
3HAYCHUU

[[enl|<llen-d[+hL{len-1l[+h]lz|] 3)

JUTSI BBIYMCITUTENBHOTO aJITOPUTMA TOUHOM OCTaHOBKM 3a/1auu Komm. 31ech Ajgg 15 —
KOHCTaHTa MHTErpupoBaHus u Ay omnepatop auddepenurpoBanusi, L — nmoctosnnas
CXOJUMOCTH.

Tabmuua 1: HeBs3ka 1 MOrpenIHOCTb alnpoKCUMalun

Merop | Ditnepa XeiHa Pynre-Kytra len|
IMarh | || |t [Th|
0,01 8,3666234391 | 0,6163134392 0,0706482156 0,2707517365

0,001 |0,6296028597 | 0,0048414538 4,7279124686E-6 | 0,2115998264
0,0001 | 0,0607887368 | 4,7448783604E-5 | 4,4970249746E-10 | 0,2096778906

[Mycts Gyuknus f(T,D°(T)) HenpepbiBHa Ha | 1 cxoUTCs

IF(T,®°(T)) — f(T,d(D)I| < LI|®°(T) — d(T)I, (4)
TO pemenue (3.2) cymecTByeT u equHcTBeHHO A T > 0.

HeoOxoaumo cnenaTe BbIBOJ [2], YTO TpH  BBIIOJHEHUU  YCIOBHS
ctabunpHOCcTH (4) npubnmxenue peuieHus (1) orpanuueHo 3Hadenwem L, a
BEIMYMHA IMUPUHBI Tmara yaosiuerBopsier hp,<2/L,; mnpu n>1. VYTouHeHHUE
BBIIIIEHA3BAHHOT'O APTYMEHTA MO3BOJIAET PACIIMPUTh 001acTh IeHCTBYS (4) Ha pacyeT
OLIEHKU JIOKATBHOW OmmMOKHU ||Tp||<0,5h-maXye||@"(T)||, xoTropas Ha HaYaIbHOM
uHTepBaie Temmeparyp mnpu h=0,01 He pgocTHraer JaHHOTO HEPAaBEHCTBA.
Ymenbmenne 10 h=0,001 caumaer sty npobiiemy. ['moOanbHas ke MOTPENIHOCTb
npeamnoiaractes  MaXyney||en|[<H -exp(HL)MaXtne|[ts|| ToOpasmo  OGosbmieit, uem
MAallMHHas TOYHOCTb OKPYTJICHUS.

Cnucox 1umepamypol:
1. Tamanun M.H., Tlomos FO.I1. KBa3ucranmoHapHbeie 3JI€KTPOMAarHUTHBIE TOJS B
HEOJHOPOAHBIX cpenax: Maremarudueckoe MonenupoBanue. — M.: Hayka,

®duzmatnur, 1995.
2. Ranacher R. Numerik gewohnlicher Differentialgleichungen. Institut fiir
Angewandte Mathematik, Universitdt Heidelberg, Vorlesungsskriptum, 2012.
Kanutkun H.H Yucnennsie metonsl. — M.: Hayka, 1978.
4. Camapckuii A.A. Teopus pazHocTHbIX cxeM. — M.: Hayka, 1978.
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Oleg Chizhko
«The control of step width during the numerical investigations of convergence for
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Distribution A: Approved for public release; distribution is unlimited.



105

O PABHOCTHBIX CXEMAX JIUISA PACUYETA HEHHHEﬁHBIX
IIJIASMEHHbBIX KOJIEBAHUH

C.B. MI/IJIIOTI/IHl, AA. CDpOJIOBZ, E.B. Ymxonkos®

1000 «Pox Doy JJunamuxcy — Mockea, Poccus,
svmilytin@gmail.com
206vedunenii uncmumym 8vlcokux memnepamyp PAH — Mocxkaa,
frolov@ihed.ras.ru
*Mexanuxo-mamen. ¢d-m MI'Y um. M.B.Jlomonocosa,
chizhonk@mech.math.msu.su

Panee aBTOpaMm B paMKax OJHOMEPHOW THAPOAMHAMUYECKOM MOJETH ObLI
uccaenoBad  3P@GEKT BHEOCEBOTO  OMPOKHABIBAHUSA  ITWIMHAPUYECKUX  aKCHAIBHO-
CUMMETPUYHBIX HEIMHEHHBIX IUTA3MEHHBIX KoJjieOaHui. B 1okmame s JBYXMEpPHOTO
MOJCIMPOBAHMS YyKa3aHHOTO 3¢ (deKTa Ha KOMIBIOTEpax C PaCHpPEIeICHHON MaMsThIO
o0cyXaaeTcs SBHBIM METOJT BTOPOTO MOPsIJIKa TOUHOCTH B SHJIIEPOBBIX TIEPEMEHHBIX.

Previously, the authors was investigated the effect of off-axis breaking cylindrical
axially - symmetric nonlinear plasma oscillation in the one-dimensional hydrodynamic
model. In report, a two-dimensional simulation of this effect on computers with
distributed memory discussed explicit method of second order accuracy in Eulerian
variables.

B kadecTBe 00BEKTA /IS MCCIICAOBAHUN TIa3MEHHBIC KOJIeOaHUs BEIOpaHBI U3
cienyromux coobpaxenuit. C omHOW CTOpOHBI, Xopomo wu3zBectHO ([1]), yTO
OJIHOMEpHBIC IUIMHAPUYECKUE KOJeOaHWs B IUIa3ME Pa3pylIAlOTCs TP JTHOOBIX
(ckonb  yrogHo Maibix!) aMIIUTyJIax  BCJEICTBHE BKJIaJla  JJIEKTPOHHBIX
HEJIIMHEMHOCTE B CIBUT  YacCTOThl. JTO  MOPOXKIAET  MaTEeMaTUYECKYIO
HETPUBHAIBHOCTh 3aJaud. A C Jpyrod — OHHM SBJISIIOTCS IIPOCTOM, HO BeChbMa
coJiepKaTeIbHONW MOJCIBIO IS U3yYCHUS aKCHATbHO-CUMMETPUYHBIX KHJIBBATECPHBIX
MJIa3MEHHBIX BOJH, BO30YXIAeMBIX IBWKYIIUMHUCS HCTOYHHKAMHU — JpalBepamu
(3TIEKTPOHHBIMH CTYCTKaMH, KOPOTKUMH Ja3€PHBIMH UMITYJILCAMH).

[Ipn MaremMaTH4eCKOM MOJEIMPOBAHUH IPOIIECCOB B OCCCTOIKHOBHUTEIHLHOMN
XOJIOMIHOM TIIa3Me Hanbojee 4acTo MCIOJIB3YIOTCS JIBa MOJXOJa: METOJ YacTUIl U
TUAPOJAMHAMUYECKOE omucaHue. B mepBoM ciydae KpUTEpHEM ONPOKHIBIBAHUS
(pa3py1ieHus) KojaeOaHuil SBISETCA TMEepeceueHre SJICKTPOHHBIX TPACKTOPUA, a BO
BTOPOM — oOOpaiieHne B OECKOHEYHOCTh (YHKIIMH, OIMHCHIBAIOIICH TIOTHOCTH
MEKTPOHOB. B [2] mmeeTcss ctporoe OOOCHOBAHHE TMOSBICHUS CUHTYJISPHOCTH
CpeIbl pU MePECCYCHUH TPACKTOPUI YaCTHII.

OpHomepHass 3amada 00 OMPOKHUIBIBAHWM KOJIEOAHWW B  DUIEPOBBIX
MIEPEMEHHBIX YK€ SBJISETCS JOCTATOYHO CIIOKHOW C BHIYUCIUTEIHLHOW TOYKH 3PCHHSI
[3]. Bo-niepBbIX, 3HaU€HHE KOOPAMHATHI [0 BPEMEHHU pa3pylleHus KojieOaHui BecbMa
YYBCTBUTEIHPHO K BXOJHBIM JAaHHBIM: B CJIa00-HETWHEHHOM TMPHUOIMIKEHUH OHO
oOpaTHO MPOMOPIHUOHAIBHO KyOy HaYaJbHOW aMIUIUTYIbl. DTO O3HAYaeT, 4YTO
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ompeneneHrue (PU3NYECKUX TMapaMeTPOB BBIYUCIHUTEILHO JIOCTYITHOTO BapUaHTa
ABJISIETCSI HEMPOCTOM 3amaueld. Bo-BTopbiX, paauaiibHasi (110 OTHOIICHHIO K OCH
CUMMETPHUH) KOOpJMHATA OMPOKHUIBIBAHUS B YMEPEHHO HEIMHEHHOM pEeXUME, T.C.
KOT'/Ia BO3MYIIIEHUE AJIEKTPOHHOM IIOTHOCTH BCETO JIUIb HA MOPSAJOK MPEBOCXOIUT
(¢boHOBOE 3HaueHUE, COCTaBIseT Tmopsaka 1-2 % OT XapaKTEepHOro pa3mepa
pacyeTHOM oOnactu. [Ipyrumu cioBamMu, C UEIbIO aJIEKBATHOTO OTOOpaKeHUS
npolecca TpeOYIOTCsS MO TMOPSIKY THICSYM TOYEK IO KaXKJOW MPOCTPaHCTBEHHOU
KOOPJIMHATE JaKe MPH yCIOBUHU TJIAIKOCTA U OTPAHUICHHOCTH NCKOMBIX (DYyHKITHH.

[Ipu oTka3e OT aKCHUAIBbHOW CUMMETPHUHU 33Ja4l HEOOXOJIUMBIM JJII PacueTOB
CTAaHOBUTCS TMPUMEHEHHE CYIEPKOMITBIOTEPOB: TpeOyeMblii 00bEM BBIYHCICHUN
BBIPACTaET MPUMEPHO HA TPU - YETHIPE MOPSAJIKA, AaHATIOTMYHO MEHSIOTCS TpeOOBaHUs
K ornepaTtuBHOM mamsith. KpoMe TOTro, MOACPHHU3UPYIOTCS HJIEU BBIYMCIUTEIbHBIX
QITOPUTMOB, TaK KaK MAacIITaOMPyeMOCTh PAcUeTOB CYIIECTBEHHO OIMPACTCS Ha
SIBHBIC METO/IbI alllipoKcuMaruu [4].

B noknane npuBeneHbl: (pu3nyeckas MOCTAHOBKA 3a/laud M KayeCTBEHHBIN
CUEHApUW pa3BUTUA - 3aBEPIICHUS AaKCHUAIbHO-CUMMETPUYHBIX IUIa3MEHHBIX
KoJieOaHuii,  pe3yJbTaThl OJIHOMEPHOTO MOJEIUPOBAaHUS  HA  OCHOBE
TUAPOJMHAMUYECKOTO OINKMCAHUsl C MCIOJIb30BAHMEM IEPEMEHHBIX OJillepa H
Jlarpanxa, pacuetsl o AByxmepHoit mozaenu Ha CKU® MI'Y "YebObimeB" Ha 0aze
rUOpUHOTO TapauieIbHOTO Kojia. OCHOBHOM aKIEHT cJiejaH Ha KOHCTPYKIUU
HCTIOJIB3YEMbBIX PA3HOCTHBIX CXEM.
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OB OJTHOM PASHOCTHOI CXEME PEIIEHHS
YPABHEHMII CEH-BEHAHA B TEOPUM MEJKO# BOJBI

A.A. Cyxomosruit', }O.B. I[IepeTOB2
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suhomozgy.andrey@gmail.com
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yurii.sheretov@tversu.ru

[IpuBeneH KOHEUHO—PA3HOCTHBIM BBIBOJ PETYJSIPU30BaHHBIX YypaBHeHH CeH—
Benana B Teopun Menkoi Boael. MccnenoBansl ux cBoiicta. [locTpoeHa pazHOCTHas cxema
pacdera OJHOMEPHBIX HECTAlMOHAPHBIX TEYEHUHN JKUIKOCTU. METOAOM HSHEPreTHYECKUX
HEPABEHCTB B JTUHEHHOM MPUOIMKEHUH MOJIYYEHO JOCTATOYHOE YCIIOBUE €€ YCTOMUYNBOCTH.
PaccMoTpeHna cepust TeCTOBBIX 3a7a4.

Finite—difference derivation of regularized Saint-Venant equations in the shallow
water theory is presented. Their properties are investigated. Finite—difference scheme of
calculation one—dimensional non-stationary fluid flows is constructed. Sufficient condition
of it stability is obtained in linear approximation by the method of energy inequalities. A
series of test problems is considered.

B wmosorpagpum  [1]  u3MOXKEHBI ~ KOHEYHO—PA3HOCTHBIE  BBIBOJBI
perynspu3oBaHHbIX  ypaBHeHME  HaBbe—CrTOkca  Jjisi  BS3KOM  CKMMAaeMou
TEIJIONPOBOAHONM  cpenpl. OpHa W3 TOJNYYEHHBIX CHUCTEM  COBHala C
KBa3WUra3oquHaMU4YECKON cucreMou, npeginoxenHon b.H. Yersepymknnasivm u T.I.
EnuzapoBoii. Ha ocHoBe KBa3zurazoguHamuueckoi cucteMbl B [1] mocTtpoena
sd¢deKkTuBHAsT pa3HOCTHAas CXEMa pacueTa OJHOMEPHBIX  HECTaIlMOHAPHBIX
ra30IMHaMMYECKUX TEUYEHUU B DHJIEPOBBIX KOOpPAMHATAX. TaM XKe NPUBEICHO
JI0Ka3aTelIbCTBO TEOPEMbl 00 €€ YCTOMYMBOCTH B AKyCTHYECKOM MPHUOIMKEHHUH.
JlocTaTO4HOE YCJIOBHE YCTOMYMBOCTM HIEHTUYHO HepaBeHCTBY Kypanrta. 3IT10
Hay4HOE HaIpaBJeHUE MOJYYnJIo JajdbHElIIee pa3BUTUE B pad0Tax MHOTMX aBTOPOB.

KBazurazogunamuyeckas cucreMa B OapOTpONHOM MNpUOJIMKEHUU Oblia
BrepBele BbimucaHa A.A. 3notHukoM [2]. PerymsapusoBaHHble ypaBHeHUsT CeH—
Benana mnpencrtaBisitoT co0oil ee yacTHBIM ciiydail. B mocnegHee Bpemst ujew,
M3JI0KEHHBbIE B [1], cTanm mpuUMEHATHCS AJIA BBIBOJIA PETYJISPU30BAHHBIX YPaBHEHUI
TEOPHUH MEJKOW BOJIbI U KOHCTPYHMPOBAHUS HAa WX 0a3e HOBBIX Pa3HOCTHHIX cxeM [3].
B nacrosmen 3aMeTke 3Th UCCIEA0BAHUS ITPOIOIKEHBI.

PaGora aBTOopoB [4] mOCBsIIEHAa HCCIACAOBAHUIO CBOWMCTB KIIACCMYECKHUX
pelIeHuid peryasipu3oBaHHbIX ypaBHeHU CeH—Benana. JlaHa mocTaHOBKa OCHOBHOM
Ha4yaJbHO—KpPAaeBOM 3aJ1a4i U JOKa3aHa TEOPEMA O BO3PACTAHUU C TEUEHUEM BPEMEHU
cnenupuyueckor dHTpornmu. BeiBenaeHa perynspuszoBanHas cuctema CeH—Benana B
JUHEHHOM MpuOIKeHuu. [{ns Hee yCTaHOBJIEHBI CBOMCTBA ACHMIITOTHYECKOM
YCTOMYMBOCTH PABHOBECHOTO PELIEHUS U €IMHCTBEHHOCTH KJIACCUYECKOTO PELICHHUS.

B crarbe [5] mpuBeleH KOHEUYHO—PA3HOCTHBIA BBIBOJ PETYJIIPU30BAHHBIX
ypaBHeHull Cen—Benana. Ha ux ocHOBe mocTpoeHa siBHAs HEJIMHEWHAs OJHOPOJHAs
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pa3HOCTHAs CXeMa MEepPBOro MOpsIKa anmpoOKCUMAaIUK MO0 MPOCTPAHCTBY U BPEMEHH,
MO3BOJISIIOIIAs TPUOIMIKEHHO HAXOAWTh OOOOIIEHHBIE PELICHHUS KIACCHYECKUX
ypaBHeHuil CeH—Benana B Teopuu Menkoil Boabl. IIpoBeneHa cepusi TECTOBBIX
pacyeToB OJHOMEPHBIX HECTAIlMOHAPHBIX TEYEHUH SKUAKOCTH CO CBOOOIHOM
rpanuned. s 3amaun Pumana o pacmane paspeiBa M 3a/laddl O HaTEKaHUU MOTOKA
’KMJIKOCTH Ha MPETpajy MCIOIb3yEeMBbIid aJTOPUTM OKa3aJICsl Ha MOPSIIOK TOYHEE, YeM
meron Jlakca—@punpuxca, Npu HE3HAUYNUTEIFHOM YBEIMYCHHM 3aTpaT MAIIWHHOTO
BpeMeHU. KauecTBO pa3HOCTHOrO penieHusl Takke yiaydmwiock. B [6] meTtomom
HHEPreTUUECKUX HEPABEHCTB BBIBEJCHO JOCTATOYHOE YCJIOBHE YCTOMYMBOCTH IO
HAYaJIbHBIM JAHHBIM UCIIOJB3YEMON Pa3HOCTHOM CXEMBbI B TMHEHHOM MPUOIMKEHUH.
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MATEMATHYECKOE MOIAEJMPOBAHUE SJIEKTPUYECKOI'O ITOJIA
B OBJIACTAX C AHU3OTPOIITHBIMU OB BEKTAMHA
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B pabore mnpennokeHa BBIUMCIUTEIbHAS CXeMa JJsi ypaBHEHHsS ['enpMroibiia ¢
TEH30PHBIM  KOX(DOHUITMEHTOM  AJICKTPONPOBOJHOCTH.  UHMCIEHHOE  MOJICIMPOBAHHE
BBITIOJTHEHO Ha 0a3e BEKTOPHOIO MeToJa KOHEYHBIX J3JieMeHToB. IIpoBemeH psn
BBIYUCIIUTENBHBIX AKCIIEPUMEHTOB, MOKA3bIBAIONIUN BIUSHUE aHU30TPOIHOIO0 OO0OBEKTa Ha
TI0JI€ B 3aBUCUMOCTH OT IOJIOKEHHS 00BEKTa M YaCTOThI HICTOYHUKA BO30YKIACHUS TOJIS.

The computation scheme for the Helmholtz equation with tensor conductivity was
proposed in this work. Numerical computations based on vector finite element method. The
series of numerical experiments showed effect from anisotropic object depending on
object’s location and source frequency.

B pabore paccMOTpeHO MaTEeMaTHYECKOE MOJIECTUPOBAHHUE SJIEKTPUUYECKOTO
MOJISl B YaCTOTHOM 00J1acTH, OMUCBhIBAEMOE ypaBHEHUEM [ enbMrosbLa:

rot ™' rot E + w’sE — iwoE = —iw]
E x n\m =0

) ) -1
rae E - sanextpudeckoe nosie, J - BO3MYIIAIOMIWNA TOK B TEHEPATOPHOM NeTe, 4 & -

MarHMuTHas W  JWDJIGKTpUYECKas TMPOHHUIIAEMOCTH  COOTBETCTBEHHO, G -
AJIEKTPONPOBOJIHOCTh CpEJibl, OMKMChIBaeMasi TEH30pOM BTOporo panra. Ha rpanwuie
00J1aCTH 3aJJaHbl KPAeBBIC YCIOBUS «OO0JBIIIOTO OaKay.

Bapuaronnas moctraHoBKa JUIsl ypaBHEHHsI | enbMrosblia mocTpoeHa Ha 6ase
BEKTOPHOI'O METOJa KOHEYHBIX 3JIEMEHTOB Ha CUMIUTUIUAIBHBIX HEPABHOMEPHBIX
CETKax C JIOKaJIbHBIMU CTyIIeHUsIMH. B kauecTBe 0a3uca ObLIT BbIOpaH MOJIHBIN Oa3uc
Heneneka mepBoro mopsaka, acCOUMUPOBAHHBIM € pedpamMH TETpadapaabHOTO
pazoueHusl.

B pabote umccnemoBaHO BIMSHUE aHU30TPOMHOTO OOBEKTA, HAXOIIIIETOCS B
M30TPOMHON Cpelle, Ha TOBEACHHE JJIEKTPUYECKOro mois. B kadecTBe oOBekTa
WCCIIeIOBaHMs ObLT BBIOpAH IHUCK, TONIIMHA KOTOPOTO B HECKOJBKO pa3 MEHBIIE
auameTpa. ONEeKTPONPOBOIHOCTD BJIOJIb o0BbeKTa OTJIMYAETCS oT
AJIEKTPONPOBOJIHOCTH B KPYIJIOM CEYEHHMH. Takas aHU30TPOMHUS OIKCHIBACTCS
JuaroHaibHbIM Tensopom: o =diag(o,,o0,,0,), e o,,0, - JNEKTPONPOBOHOCTE B

KpYTJIOM CE€HYCHHHU JUCKA, O, - JJICKTPOIIPOBOAHOCTD BAOJIb TOJIIIHHBI AHCKA.

OOBEKT MOXET OBITh MPOM3BOJBHO OPHEHTHPOBAH B TMPOCTPAHCTBE, TOTAA
TEH30p JJIEKTPONPOBOJHOCTH B YpPAaBHEHUHU | '€IbMrosiblla CTAHOBUTCS IUIOTHBIM H

Distribution A: Approved for public release; distribution is unlimited.



110

3HAQYEHUsI KOMIIOHEHT TEH30pa 3aBUCAT OT TOJIOXKEHUSI JHCKA, OTHOCUTEIHHO
cucTeMbl KoopauHat[1].

Puc. 1. Pacnpenenenue neMCTBUTENbHBIX KOMMIOHEHT mnoyis Ex, By s
M30TpONHOro (KpuBble 1 1 3) U aHU30TPOITHOTO 00BEKTA (KpUBBIE 2 U 4) 110 TPoPuITo
x=3.4m

HccnenoBanre mokas3ago, 4TO aHHM30TPOMHBIM OOBEKT HE BCEra MOXKET OBITh
BBIJIEJICH B BJIEKTPUUYECKOM TOJIE, CO3/IABAEMOM FOPU30HTAIBHOM TOKOBOU IETJIEH Ha
gactoTax oT 1 kI'm 1o 1 MI'1, mo cpaBHEHHIO C TaKUM K€ U30TPOIHBIM OOBEKTOM.
MakcuManibHOE TIPOSIBICHUE aHU30TPOITHBIX CBOMCTB 00BEKTa ObLIO 3a()MKCUPOBAHO
Ha Hu3KoM yactore (1 kI'1r), korga och aHU30TPONUU o, ABJISUIACH TAHTCHITUATBLHON K

IJIOCKOCTHU NETNu (cM. puc. 1).

Pabora moanep:kaHa MEXIUCUUIUIMHAPHBIMU MHTETPALMOHHBIMU MPOEKTAMU
CO PAH Ne 98 u Ne 130.

Cnucox 1umepamypol:
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texHonorum», 2008, T.13. Nel, C. 93-106.
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MOJAEJIUPOBAHUE BBICOKOYACTOTHOI'O TPEXMEPHOTI' O
AJIEKTPOMAT'HUTHOI'O I1OJISA B OBJIACTAX
C MAJIBIMM BKJIIOYEHUAMHA

M.H. Dros’, D.11. HIypI/IHal’Z, E.J1. Muxaiinoa’

YUnemumym nepmezazosoii ceonoeuu u 2eopusuru um. A. A. Tpoumyka
CO PAH — Hosocubupck, Poccus,
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shurina@online.sinor.ru

B pabGore paccMaTpuBaOTCS  OCOOCHHOCTH  YHMCIEHHOTO  MOJEIHUPOBAHUS
KBa3MCTAIIMOHAPHBIX AJICKTPOMATHUTHBIX IOJIEH B 0OO0NACTAX CIIOXKHOH T'C€OMETPUU C
MaJIBIMH BKJTFOYCHUSMHU BEKTOPHBIM METOJIOM KOHEYHBIX 3JEMEHTOB Ha TETPadpabHBIX
pa3OUeHUSIX.

The paper is devoted to some aspects of numerical simulation of quasi-stationary
electromagnetic fields in complex computational domains with small inclusions. The
problem is solved using the vector finite element method on tetrahedral triangulation.

B uccnenoBaHMsX COBPEMEHHBIX HCKYCCTBEHHBIX M IMPUPOJIHBIX OOBEKTOB
CIIOKHOM TeOMETPHUYECKOW U  ANEKTPOPHU3NYECKOM CTPYKTyphl Bc€ Ooiiee
BOCTPEOOBAHHBIMU  CTAHOBSITCS  BBIYUCIUTEIBHBIE CXEMbl, OOecreuHnBaroye
HEOOXOJUMYI0 TOYHOCTh pELICHUs TpPEXMEpPHBIX YypaBHeHHM MakcBema. B
YacTOTHOW  oOmacth  JUIsi  KOMIUIECKHO3HAUHOTO  BEKTOpa  HANpPsKEHHOCTU
anekTpudyeckoro nois E mepexomar k pemeHuto ypaBHeHus [enbmrosbua B
pacueTHO# obsactu ¢ Jlunmun-"enpepsiBHOM rpanuuei 0Q=1",+1,,

rotu ™ rotE + k’E=—ioJ B Q
rie kX — BOJNHOBOE YHCIO, HE SIBISIONIEECS COOCTBEHHBIM 3HaueHueM, ['5 u [y —
I'paHulbl, Ha KOTOPLIX 3aAdHbI JJICKTPUYCCKHUC M MAIHUTHBIC KPACBLIC YCJIOBHUA
COOTBCTCTBCHHO:

NxEl =E,,

105}

-1 — — _
L TotE % n‘FM =0

17 TOtE x ﬁ‘r =—icB.

[Ipy BbIYHCIIEHUSIX B OOJACTAX C BHYTPEHHUMHU TpaHHUIAMH, K KOTOPBIM
OTHOCATCS M 00JIACTU C MaJbIMH BKJIIOYCHHUSMH, Pa3JESIONMMUA T0100JIacTH C
KOHTPACTHBIMH DJIEKTPOPU3NUESCKUMH XaPaKTEPUCTUKAMU, JOJHKHBI BBITIOIHATHCS
YCJIOBHSI HENPEPBIBHOCTH TAHTE€HLMAIBHBIX KOMIIOHEHT BEKTOpa HAaIPSKEHHOCTH
JJEKTPUYECKOTO TOJISI M CKadyka €ro HOPMajbHOW  KOMITIOHEHTHl. [lpum
KOHEYHOAJIEMEHTHOM aIlMPOKCUMAallh YpaBHEHHU | ebMrosblia Ha TeTpa’apajbHOM

Distribution A: Approved for public release; distribution is unlimited.



112

pa3bueHnn pacueTHOM obnactu Ha QyHKUMSIX (OPMBI, TMPUHAAIEKAIIUX
npoctpancTBy H(rot, Q) [1, 2], cucrema JUHEHHBIX alreOpavdecKUuX YpaBHEHHM
(CJIAY) sBnsercs 3HAKOHEOIPENEIECHHON BCIIEICTBUE HYJb-spa rotrot-omnepaTopa,
YTO MPUBOJUT K HEOOXOJMMOCTH HCIIOJIb30BAHUS CIELMAIBHOTO peuaTens Hu
HepapXuyecKoro 0asuca He MEHEE BTOPOIO MOJHOTrO nopsiaka [3].

B pabore npezacraBieHbl pe3yiabTaTbl MOAEIUPOBAHUS 3JIEKTPOMArHUTHOIO
[OJIsl B CPeax ¢ MaJbIMU BKJIFOUEHUSMHU NPU BapbupoBaHuu 4actoT (ot 500 MI' no
10 I'T'n), pa3smMepoB BKIKOYEHUH U pacCTOSHUS MEKYy HUMH.

Pa6oTa BbIMOIHEHA MIPU MOIIAEPKKE MEKTUCIUIIMHAPHOTO HHTETPALIMOHHOTO
npoekta CO PAH Ne98
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Hayunoe uzoanue
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